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OBIIUE ITOJIOXKEHUSA

N3yuenne kypca «MoaenupoBaHUE CHCTEM U IMPOLECCOB» MO3BOJUT CTYAEHTaM
MOJIyYNUTh 3HAHUS U YMEHUS, HEOOXOIuUMBbIC Al pa3pabOTKU MOJeNed TEXHHYECKUX
CUCTEM pA3JIMYHOTO HA3HAYEHUS [JIs1 MPOBEICHHUS KOMIIBIOTEPHOIO HSKCIIEPHUMEHTA.
Henbro AMCHUIUIMHBI SBIIIETCS U3YYEHUE OCOOEHHOCTEN U BO3MOXKHOCTEN MPUMEHEHHUS
METO/ZIOB MOJICJIMPOBAHUSl CHCTEM PA3JIMYHBIX KJIACCOB B PEAIbHBIX YCIOBHSX,
BO3HMKAIOIINX MPH NMPOBEACHUN HAYYHBIX UCCIIETOBAHNM.

BrlnonHeHHbIE Ta00paTOpHBIE PAaOOThl CKPEIUISIIOTCA OJHUM TUTYJBHBIM JIUCTOM,
Ha KOTOpOM yKa3pIBaloTCs (aMuiaMsi, HMsA, OTYECTBO CTYJEHTa, Ha3BaHUE
CHEUaIbHOCTH, HOMEP YU€OHOU IpyIIbl U HOMEP 3a4€THOM KHHUKKH.

BapuaHT 3agaHus omnpenensercs Mo IMOocienHed Huppe 3a4eTHONM KHHKKHU
cryneHrta, rae 0 —sto 10 BapuaHr.

JlaGopatopHbie paboOThl pekoMeHayercss opopmiarh Ha jauctax dopmata A4 ¢
MOMOIIBI0 TeKCTOBOTO penakropa Word. Pasmep mpudra Times New Roman — 14 mr,
OJVHAPHBIA MEXyCTPOUYHBIN UHTEPBAJ.

B Hauane xkaxaoro 3agaHus cieayeT MPUBECTH €T0 MOJIHYI0 (OPMYIHPOBKY.

W3noxxeHne marepuasia B BBIIOJIHEHHON paboTe OJKHO OBITh KPaTKUM, B BUJE
KOHCIIEKTa, pelIeHUs 3a]1a4 MPeICTaBIECHbl CKPUHILIOTAMHU.

BoinonHenHass paboTa MpeabsBISETCS HAa PELEeH3UI0 mpernojaBarento. Padora,
HENPaBWJILHO O(QOPMIICHHAsI WJIM BBITIOJIHEHHAs! HE JUIsl CBOETO BapHaHTa, K PELICH3UH HE

MIPUHUMAETCH.



Jladoparopnasi padora Ne 1. Hannyumee npudJnskeHue HelpepbIBHbIX (PYHKIM A
HA MHO’KeCTBe NOJIUHOMOB (MeTOJ HAUMEHBbIIHNX KBaJAPAaTOB)
Kparkas Teopust

3
PaccmorpuM MHOXeCTBO (mpocTpancTBo) V'~ TIeoOMETpUYECKMX BEKTOPOB (HAIPaBIEHHBIX

A h 3
OTpPE3KOB) B IpocTpaHcTBe. BekTopsl @, D, ... u3 MHoxectBa V ° MOHO 3a1aTh UX KOOPAMHATAMH B

6asuce 1, J, kK (puc. 1): El:(al, a,, a3), BZ(bl, b,, b3), ... TaK, 4TO a:a1i+a2j+a3k,
BZb_I_i-szi-FbSE,...

v

Puc. 1. Onpenenenune BekTopa B mpocTpancTse V 3

3 a h 3
B npocrpanctse V ° onpenennm ckanspHoe npousBeaenne BekTopos @, D €V mo npasuny

(5., 6): alb_l_ + a2b2 + a3b3. (1)
BBeileM B pacCMOTpPEHHE MHOXKECTBO (IIPOCTPAHCTBO) RS, 5JIEMEHTAMH KOTOPOTO SBISIOTCS
HaOOpBI U3 TPEX YHCEN A = (al, ay, a3), b= (b_b b,, b3), ..., @ TAK)KE CKAIIPHOE NPOU3BENECHHE B

R3 1o npasuiy (1).

PaccmoTpum cnenyromyro 3agauy. I[lycts a = (al, do, a3) S Rg, 5 — 3ajaHHbI 2neMenT, L

—* * * *
— 3amaHHas B cucreMe koopauHat XOyz tutockocTh. TpeOyercs Haiith smement U = (ul, uo, U3)

TaKOM, 4TO IJISI BCEX DJIIEMEHTOB G = (ul, Uo, U3) € L Bemonnsercs
p(a, u j=minp(a, 0). @
uelL
PaBencTBO (2) 3amaer paccTossHHE MEXIY IBYMsS JJIeMEHTaMu a :(al, dy, a3)€ R3 u
b=(by, by, bs)e R3, koropoe pasiio
(8, b)=+/(ay —by )% +(ay by )? + (ag —bs)? 3
pla, b)=+/(ag - 2=y 3—b3)" . (3)

Onement U , ompenencHHbId B yciaoBUHM (2), Ha3bIBACTCS JJI€MEHTOM HAWJIY4IIero

npudamwkenus (OHIT) mis a. CoracHo ycnoBuio (2), oH siBIIseTCs HanboJjiee OJIM3KUM K 3JIEMEHTY a

BL.
Pernrenue 3amaun MOXKET OBITh HaliZICHO reoMeTpudecku (puc. 2.).



|

a/\e
]

Puc. 2. Onpenenenue aneMeHTa HAaMITy4dlIero NpuoINKEHU
—% —%

HevictButensHo, eciii U — OHII gy @, To U siBiisieTcst mpoekiuend BeKTopa d Ha IIOCKOCTh
— —%

L . D10 o3nauaer, yro Bektop & —U meprneHauKyIsApeH M060My BEKTOPY, exkamemy B L. ITycts e_l

M € — JIBa HEKOJUIMHEAPHBIX BEKTOpa, Jiexamux B Iwiockoctd L. Toraa ool BekTop uel
MPEACTaBUM B BHUJIE
Uu=uie +Use,. 4
- %

IIpu 3TOM, ecitn U =U , TO AOIHKHO BBITOIHATHCS
(a—u, e1)=0; (a—u, e2)=0.
ITorygaem CJIAY oTtHOCHTENBHO nepeMeHHBIX Ug, Uo B (4):
Ul(el, el)+ U2(€2, el): (a.l, el);

e 52 2 ), )
B pesynbrare pemenus CJIAY (5) nHaxonsrcs 3Hauenus Uy, Uo u nanee OHII una (4).

(%)

o n
O600uMM MOIYYeHHBIN pe3yiibTar. BeemeM B paccMOTpeHHe MHOKeCTBO (mpoctpaHcTBo) R,
3JIEMEHTaMU KOTOpPOTO Cly>kaT Habopel M3 N 1eHCTBUTENBbHBIX YuceNl a = (al, as, ..., an),

b=(b, by, ..., by), ...

Beenem B R" ckansproe npoussenenne (a, b) U PACCTOSTHUE p(a, b) 0 IPaBHUIIAM:

(6_1, B)Z a1b1+a2b2 +...+anbn; (6)
PN 2 2 2
p(a, b):\/(al_bl) +(ag =y )" +...+(an —by )" (7
ITycth e_l, (g, o e_m (M < N) — 3ananssle snementsl B R", Takue, 910 HU OIMH M3 HUX He

MOXET OBITb BBIpaXKEH uepe3 napyrue. Paccmorpum B R" mmuo)ecTBO L, anemenTs KoTOpOrO
JIOTTYCKAIOT MIPEICTABIICHHE
U=018 +0a2€r + ...+ € el. (8)
- i —% —

Ilycte @ - 3agaHHBIA DJIEMEHT B Rn. bynem uckars OHIT U=U nana a B L Tak, uToOnI
o0ecreynTh BBITIOJHEHUE ycinoBusi (2) mns pacctosiHust (7). Takke kak W B ciydae R3, MO>HO
MOKa3aTh, YTO B JTIOOOM MPOCTPAHCTBE R" (n>3) DHII Buga (8) MokeT OBITH HAl/IEH B PE3yJbTATE
pemenust CJIAY

(a—u, ek):O, k=1 m,
/i€ CKaJsIpHOE TPOU3BEICHNE TOHUMAETCSI B CMBICIIE R" (6).
B pesynbrare nonyuaem CJIAY

m N o
Zoci(ei,ek):(a, ek), k=1 m. 9
i=1
Haxonst pemenne CJIAY (9) m moncraBusas 3HayeHHs O, 0.9, ..., Oy, B paBeHCTBO (8),

Haxoaum OHII niag 5.



PaccMoTpuM Temeph  chemyromyro 3amady. Ilyete ¢ynxkmus Y = f(t) samama cBommm
3HaueHMAMH B 1 — y3nax tj, i =1, N. Paccmorpum MuoxecTBO P M HOMHHOMOB cTeNeHN He BHIIIE M,
kas it anement koroporo U(t) € P™ npencrasum s Buze

u:u(t):a0+oclt+(x2t2+...+ocmtm. (10)

Tpebyercs HaiiTu noauHom U = U*(t) TaKoii, 4ToObI ero 3xavyeHus B y3nax U; =U(t;) Obum
KaK MOXHO Ommke K 3Hadennio Qpyukumit Y = f (t) B stux touxkax y; = f(t;), i =1, n. TIpu >tom
mepy 6mmsoctn U(t) u y = f (t) 6yzem monumars (kak B npoctpanctse R") B ciexyiomenm cmbicte:

p(Y, U) = /(¥ ~Up)? + (Y2 ~Up)eet (Y —Un)? (11)

e 3_/:(y1, Yo,y Y) — 3Hauenns dynxumi, Yy = f(t); Gz(ul, Up,...,Un) — 3HaYCHHUS
nosmuoMa, Uy, = U(ty).

3amerum, 4ro cormacHo pasenctBy (11), p(Yy, U)=0 Torma u TONBKO TOrAA, KOrAa

Y =Uk, k=1, n.
ChopMmynupoBanHas 3ajaya MMEET EIUHCTBEHHOE DPELICHHE, €CIM Ul CTENEeHH MOIMHOMA
BbionHsercs yenosue m+1<rn,u cpen uncen tj, tj (i # ) ner pasusix.

*
CornacHo IOCTaHOBKE 3a7a4yd, I8 HcKoMoro moamHoma U =U (t) , 3HAUCHHUA KOTOpPOIo B

—_— * *
Toukax fj, kK =1, n pasusl Ug = Uk (tk), IIOJIKHO BBITTOIHATHCS
j— _* - — J—
p(y, U )=minp(y, U),
UelL
I7Ie MHOXECTBO L OynieT onpeneneHo HIKe.

Y IOBNETBOPAOIMINNA 3TOMY YCJIOBHIO TIONUHOM HAa3bIBA€TCA MOJMHOMOM HAWJIYYILEro
npuodaukenus. [TepeiizeM K peleHn o 3a1aun. 3aMmeyaem, 4To coriiacHo paBeHcTBy (10):

U = U(tl) =0 +O(,1t1 +O(,2t12 +...+0Lmt1m.

Up, = U(tz) =0+ O(,ltz + O(,2t22 +...+ O(mtzm

; (12)
_ _ 2 m
U, =u(t,) =ag +oqt, +ost,” +...+apt,
Bgenem cnenyromue o6o3nauenus. [lyctsb
t m
1 t]_ 1 U
— 1 — t — t mn — Uy
ey = ; e = 2 ; em = 2 , U=
1 t m u
n t, n
Torna cucrema (12) 3anuceiBaercst B BUAE:
UZOL()E]_-FOL]_EZ +...+0Lmém. (13)

n n o
Beenem B R mogmuoxectso L < R, kaxplit snement kotoporo npeacrasum B Buje (13).

bynem uckate DHII st anementa Y = (y1, y2,...yn) € R" Ha muoxectse L. [Tonydaem, yto OHII
HaxOJUTCS U3 YCIOBUSL:

m -
2 o6, &)=(y, &), k=0,m. (14)
i=0



Pemas CJIAY (14), MOXHO HalTH HEU3BECTHBIE Ol(, Ol1,...

o, , 3atem DOHII Buma (13) B

el 7]

L c Rn, MOCJIE ATOrO IMOJMHOM Hawjydmiero npuommwkenus (ITHIT) — U(t) it Gyakiun y(t),

pacCTodHruC MCKAY KOTOPBIMU INOHHUMACTCA B CMBICJIIC PACCTOSAHUA MCKAY HaGOpaMI/I nX 3HAYCHUM B

y3aax t jr ) =1 n. Ilpu 5TOM NONMHOM HAWJIyYINEr0 MPUOIMKEHHS B YKA3aHHOM BBIIIE CMBICIIE

3ajaercs paBeHCTBOM (13).
Haiinem ckansipHbie npou3BeicHus B cucteme (14), yauThiBasi, 4To

t

t

@
S
I

th

t

t3

th

Y1
)

y

Yn

. . . n .
@, 8)=t'0  +t't oty = D
j=1

N k K < k
(V1. &)=Yt + Yalo +o Yntn = 2yt
j=1

[MoncranoBka mosyueHHbIXx 3HadeHuin B CJIAY (14),

0Lg,s Olgseesy Oy

NIO3BOJISIET HAWTH €€ pelIcHUe

IIpumep. Haittu DOHII Ha MHOXeCTBe MOJMHOMOB CTENEHUW HE BbIIIE 2, €cid (PYHKIHS

y= y(t) 3aJaHa CBOMMH 3HAYEHUSIMH B TOYKAaX {tk }ﬁzl = {— 2, -1 0 1 2}, KOTOpPBIC PaBHBI

{Vkfpy = 116,10, 1,16}, mme v = y(t), k=1 5.

HUMECM

Pemum paccmoTpeHHyro BbIII€ OOIIYIO 3amady A 4acTHOro ciydas n=5; m=2. Ilpu sTom

1 —2 4

1 -1 1
e=|1 =0 || e=|0} y=

1 1 1

1 2 4

(@, 29) =12 +12 +12 +12 +12 =5;
(eg,€1)=—2-1+0+1+2=0= (e, ¢q)
(eg, ) =4+1+1+4=10=(ey, €p);
(,0)=4+1+1+4=10;

(e, e2) =0=(ep, &);
(e5,67)=16+1+1+16=34;

(eg, ¥)=16+1+1+16=34;

(e, ¥)=-32-1+1+32=0;

(e5, ¥) =64+1+1+64=130.
[Monygaem CJIAY Buna (14):

So.g +0- a4y +100, = 34;

Oag +100 +0ay =0;

100y + 0oty + 340, =130;

16
1

1
16

o = O,
50(0 +100L2 = 34,
100(0 + 34(12 = 130,



14(12 262; a2=%=4,4; 50(,0 :—10; Qo =-2.

*
Haxoaum siaemMeHT Hamitydiiero npuOiIMKeHus U =—2+4,4t2. Ha puc. 3 mpencraBieHsl

rpauKku UCXOAHOU (DYHKITUH y(t) u DHII u*(t).

Puc. 3. Ucxoanblilt MHOTOUIIEH y(t) (----)uDHII u*(t) —)

IIpumepbl NnpUMeHeHHsI METO/1a HAMMEHbIIMX KBAAPATOB VISl alINPOKCUMAMU PyHKIHH,
3aJaHHOH TA0 NIl

Ha npaktuke yacto BO3HUKAET 3a/1a4a, Korjaa TpedyeTcss HalTH (pyHKIMOHATBHYIO 3aBUCUMOCTh
y= f(X) MeXay AByMsl HaOopamu AaHHbIX Xi, Xp, ..., X, u Y1, Yo, ..., Y. [us pemenus takoi
3a/1a4¥ MOKET UCIIOJIb30BATHCS METOJl HAMMEHBIIINX KBaJIPaTOM.

PaccmoTpum cnenyromyto 3agauy. Ilycts nmeercss Habop Touek (Xk v Yk ), k= ﬁ . Tpebyercs
nonobpars Qynkmmo Y = f (X) TaKylo, uTo0bl ee 3HaueHHs | (Xk) HaWIy4lIuM o0pazom

IPUGIIKATH 3HAYEHHs Y} , TO €CTh Pa3HHUIA MEX/Ty 3HAYCHHAMH | (Xk) u Y, noscex K =1, N 6bu1a

KaK MO>XHO OJIFDKE K HYJTIO.
Paccmotpum dyHKIHIO:

(F()-y )"

1

M=

F(x)=

k

U IOTpedyeM, YTOObI
n

F(Xk)zgl(f(xk)_yk)z_)min- (15)

3ameTuM, 4To A1 QYHKIUU F(X) B CHJIy €€ 3a/1aHHs, 3HaU€HHUE HOJIb SBJIIETCS HAUMEHBIIUM.
Oynximio Y = f (X) MOKHO 3a/laBaTh pPa3HBIMU crioco0aMu, BbIOMpas ee U3 Kiacca JMHEHHBIX,
KBaJpaTUYHBIX, SKCIIOHEHIIUAIBHBIX U Ap. QpyHKIMA. PaccMoTpuMm n1Ba ciyyast.

Cnyuaii 1. Oymxmus Y = f (X) BBIOMpAeTCsT W3 Kiacca JMHEHWHBIX (YHKIUHA, TO €CTh
y= f (X) = C X+ Cy, Toraa us3 (15) nomygaem

n

F(x )= (% +¢, — ¥y )* > min. (16)
=



[TonGepem mapameTpsl i ompexaeneHus (yHKIMH Y = f(X), UCTIONB3ysl HEeoOXoaumoe
yCIIOBHE KCTpeMyMa JUIsl (PYHKIMI MHOTUX IIEPEMEHHbIX:

oF 2
= zz(clxk +Cy — yk)xk =0;
oC, k=1

oF O

= Zz(clxk +Cy — yk):O.
oC, k=1

[TpeoOpasys 3anMcaHHbIe ypaBHEHUS, MOJIYYUM CUCTEMY JTUHEHHBIX YPaBHEHUH:
{31101 +ay,C, =hy;

(17)
a1Cy +ay,Cy =Dy,

n n n n
2
rie Q1= D X Qp =Qp1 = D X @ =N b =2 Y X by =2y
k=1 k=1 k=1 k=1

Jns onpenenenust koddgduimeHToB cucteMbl (17) Bocmonb3yeMcsi ClaeayrouMu (QyHKIUIMU
Excel:

— CYMM(apr), koTopasi CcyMMUpPYeT 3HAUCHUS YEeK yKa3aHHBIX B apr;

— CYMMKB(arp), koTopasi CcyMMUpYeT BO3BEACHHbIE B KBa/IpaT 3HAUCHUS SUEEK, YKA3aHHBIX B
apr;

—  CYMMIIPOU3B(aprl;apr2), xoTtopas NEPEMHOXKAET COOTBETCTBYIOIIHME AJIEMEHTHI
nuamna3oHoB aprl u apr2, a 3aTeM CyMMHpPYET IOJy4YE€HHbIE MPOU3BEACHUS. 311eCh Ba)XXHO, YTOOBI
pa3Mepsl AMana3oHoB aprl u apr2 coBnaaaiy.

Tak kak Takas cucTeMa ypaBHEHHMH MMEET €AMHCTBEHHOE peIlleHHe, TO PEIIUM €€, MUCIOJb3Yys
marpuuHblii Mmeron u ¢yHkiuu Excel. Cyrb ero 3akmouaercs B cneaytomem. Jlob6as CIIAY moxer
OBITh IIPEJICTaBIICHA B BUJIE

Ax=B, (18)
A_| B2t 822 - @ X2
rie A= — MaTpua Ko3(pUIMEHTOB CUCTEMBbl P HEU3BECTHBIX; X =
dy Ay - Qup X
b,
— cTosI6er] Hen3BeCTHRIX, B = — cT0J0€1] CBOOOIHBIX YWIEHOB.
by
Pemenue cucrems! (18) MoxxHO HaiTH 10 hopmyie:
x=A"B, (19)

-1
rie A — obpaTHas Matpuna js Matpuisl A.
B Excel mns Haxoxxaenust oopatHoii marpuiel umeercst GyHkims MOBP(apr), rae B kauecTBe
apr yKa3bIBaeTCs THAIa3oH, B KOTOPOM pacIionoxkeHa matpuia A.
IIpumep 1. Ilycte umeercss Habop Touek (Tabn. 1), Ansg KOTOpeIX Tpedyercss moaoOparhb

munelinyto pynxuuio Y = f (X) =C;X+Cy.

Tabmuna 1
Ne Toukn 1 2 3 4 5 6 7 8 9 10
Xk 0,2 0,3 0,5 0,7 0,85 | 0,92 1,1 1,2 1,35 1,45
Yk 5,9 6 6,1 6,5 6,3 6 5,8 54 5,2 5

[Toctpoum Ha nmucte Excel pacuetnyro obnacts (puc. 4). Jlns BeIUUCICHUS KOIPPULIUEHTOB
cuctemsl (17) 3anumiem B siueiikax B6:D7 cooTBeTcTBEHHO (POPMYIIHI:



B6 — =CYMMKB(B2:K2);
C6 - =CYMM(B2:K2);
D6 — =CYMMIIPON3B(B2:K2;B3:K3);
B7 - =CYMM(B2:K2);

C7 — 10;

D7 - =CYMM(B3:K3).
Janee B stueiikax G6:H7 mocunraem oOpatHyro MaTpuily. Jist 3TOro BBEIIOTHUM JICUCTBUS:

1) BBenem popmyiy B suciiky G6— MOBP(B6:C7);
2) BBIJCIIUM JIHAMa30H JJIs pa3MeleHust oopaTHoit matpuiiel G6:H7;

3) ycTaHOBHM Kypcop B CTPOKY (hopMyil u oHOBpeMeHHO HaxkmeMm kinasuinu Ctrl, Shift, Enter.

Hcnonb3ys dopmyny (19), Halizem yMHOMXasi MaTPHUIIbI Aty B koadpdunmentsr Gpynkipm:
1) BBenmem popmyiy B suciiky K6— MYMHOX(G6:H7;D6:D7);

2) BBIJCIIUM JIMAMa30H s pa3MmelneHus pesyiabrara K6:K7,

3) ycTaHOBHM Kypcop B CTPOKY (OpMyJ1 H 0JHOBpeMeHHO HaxkmeM KiaBuium Ctrl, Shift, Enter.

A B C D E F G H | J K
1 | Netouxn 1 2 3 4 5 6 7 8 9 10
2 | xk 0,2 0,3 0,5 0,7 0,85 | 0,92 1,1 1,2 1,35 | 1,45
3 |yk 5,9 6 6,1 6,5 6,3 6 5,8 5,4 5,2 5
4
5 cl c2
6 | 1yp-e 9,014 | 8,57 | 48,59 Aob6p | 0,599| -0,513 cl= -0,774
7 |2yp-e 8,57 10| 58,2 -0,513| 0,54 c2= 6,483
8
9 | f(xk) 6,329 | 6,251 | 6,096 | 5,942 | 5825 | 5,771 | 5,632 | 5554 | 5,438 | 5,361
10 | pasnocts | 0,429 | 0,251 | 0,004 | 0,558 | 0,475 | 0,229 | 0,168 | 0,154 | 0,238 | 0,361
11 | delta= 0,104 }
12 | [lpumenenue pynaxuun JIMHEMH()
13 cl= |c2=
14 -0,774| 6,483

CPaBHUM HX CO 3HAYCHHUAMHU Y|, k=1 n:

Puc. 4. PacueTHas o6macTh JJI1 BBIYUCIICHU A

ko3 ¢urmentos pynkiun Y = f (X) =CX+Cy

Tenepp paccuutaeMm 3HaueHMs (GyHKUMH Y = f(X)=C1X+02 B TOYKax X, k=1Ln n

1) BBomum opmyny B siueiiky B9 — = $K$6*B2+$K$7 u pacmpocrpansiem ee Ha amamna3oH

B9:K9:;

2) HaxXxOJUM MOJYJIb Pa3HOCTH 3HAYCHUI | f (Xk )— Yk

B10— =ABS(B9-B3);
3) A1 BBIYKMCIICHHS TTOTPEITHOCTH BOCTIONIb3yeMcst (hOpMYIon

n
SZEJ
N \k=1

Z(f(xk)_yk)z’

KoTopyro 3anuireM B siueiiky B11— =KOPEHbB(CYMMKB(B10:K10))/10.
Oty ke 3amady B Excel moxxHO pemnts, ncmonssyst byukumo JIMHENH (3HaueHns Yk ; 3HaueHus Xy ;

, BBOJIUM (GopMyIy

(20)

KOHCT, CTaTI/ICTI/IKa), rac apryMmeHThl «KOHCT» U «CTAaTUCTHUKa» ABJIAKOTCA JIOTMYCCKUMHU. Ecmu «konCcT»

pasen UICTUHA, To 3HaueHmne Cy MOXeT BBIOUpaThes MmoObM. Ecin ke «korct» — JIOXKD, To ¢ =0.

Ecmn «cratuctuka» pasen JIOKD wuinm onmymieH, TO BBIYMCIAIOTCSA TOJBKO IapaMmerpbl C; U Co. B



NPOTHBHOM CIllydae TPOU3BOJUTCS TOJCYET JIOTIOJNHHUTEIBHBIX CTaTUCTHYECKHX Tlapa METPOB,
XapaKTePU3YIOIMIUX JTUHEUHBIA TPEH, KOAPPHUIIMEHTH KOTOPOTO H SIBIISIOTCS PE3yJIbTAaTOM IPUMEHEHUS
OIMCHIBaEMOW ()yHKIIHH.
[TpoBepuM MOTy4YEHHBIC PACUETHI:
1) BBenem B14— =JIMHEMH(B3:K3;B2:K2;ICTUHA);
2) BBIJCIIUM JIHAMa30H s pa3merneHus ko ouimentos B14:C14;
3) ycTtaHOBHUM Kypcop B CTPOKY (hopMyil u oHOBpeMeHHO HaxkmeMm kinasuinu Ctrl, Shift, Enter.
CpaBuuM pe3ynbTathl B siueiikax B14:C14 u K6:K7. Onn coBnaaaroT.

IIpumep 2. BriGepem Teneps GpyHkuuwo Y = f (X) 13 KJ1acca KBaJpaTHIHBIX (QYHKIIUN, TO €CTh

y=f (X) = (‘,lX2 + Cy X + C3. Mcnone3ysa popmyany (15) momydaem

F(xk): Zn:(cle +CyXy +C3 — yk)2 — min. (21)

Kak u panee Bocmonb3yemcst yCIOBHEM dKCTpEMyMa JIJIsl onpeAeeHns KodQppuureHTos. B
pe3ynbTaTe MoJyYruM CHCTEMY YpaBHEHHI:

a11Cy +y5Cy + y3C3 =y
a21C1 + 3.2202 + a23C3 = bz, (22)
a31Cy +ag,C, +a33C3 =hy,

n n n n n

4 . 3. _ . 2. _ _ o 2.

re Ay = ) Xy Qyp =p = D Xi; Az =ap =ay = ) X¢: Az =azp =D X; b= VX
k=1 k=1 k=1 k=1 k=1

n n
by =2 VX s B3 =2 Yk
k=1 k=1

BocnonbszyeMcs B kadecTBE UCXOIHBIX JTAHHBIX Ta0. 1.
[Toctpoum B Excel pacuernyro obnacts (puc. 5), rae npu nepeHeceHud Tadbn. 1 yurem, 4To A

pacyera KOd(QQHUIMEHTOB NOHANOOMTCA HAXOMUTh cTeneHM 3HadeHWd Xp . Ilostomy nobGaBum

JIOTIONTHUTENBHYIO CTPOKY « Xi 2 ».

Kak u panee, ncnonb3yst GyHKIIMH CYMMHUPOBaHUs, HailieM KO3 (OULIUEHTBI CUCTEMBI (22):
B7— =CYMMIIPOU3B(B3:K3;B3:K3)

C7— =CYMMIIPOU3B(B3:K3;B2:K2)

D7— =CYMMKB(B2:K2)

E7— =CYMMIIPOU3B(B3:K3;B4:K4)

B8— =CYMMIIPOU3B(B3:K3;B2:K2)

C8— =CYMMKB(B2:K2)

D8— =CYMM(B2:K2)

E8— =CYMMIIPON3B(B4:K4;B2:K2)

B9— =CYMMKB(B2:K2)

C9— =CYMM(B2:K2)

D9— =10

E9— =CYMM(B4:K4)

B sueiikax F7:H9 Bprumcoum obpatHyto matpunty MOBP(B7:C9), a 3arem, wucnons3ys

MYMHOX(F7:H9;D7:D9), kosddummentsr dpyuxuun Y = f (X)
[Togcuntaem 3HaueHuss GyHKIMH Y = f(X) B TOYKax Xy, k Zﬁ. Jns aToro BBemem

dopmymry
B11— =§K$7*B2"2+$K$8*B2+$K$9
U paclpocTpaHuM ee Ha nquana3zod B11:K11.
JInst BBIMKCIICHHsI TIOTPEITHOCTH BocmoibdyeMcs: dopmynoit (20). OTMeTrum, dYTO KBajpaTHYHAS
ynkmus Y = | (X) = C1X2 +CyX +Cq myume npubmuskaer 3nauenus Y, K =1, N, uem nuneitnas.

DTO clienyeT U3 CpaBHEHUS 3HAYCHUI NorpemrHocTy B siueiikax B11 (puc. 4) u B13 (puc. 5).



A B C D E F G H | J K
1 |Nerouku 1 2 3 4 5 6 7 8 9 10
2 |xk 0,2 0,3 0,5 0,7 0,85 | 0,92 1,1 1,2 1,35 | 1,45
3 |xk~2 0,04 0,09 0,25 | 0,49 | 0,723 | 0,846 | 1,21 1,44 | 1,823 | 2,103
4 |yk 59 6 6,1 6,5 6,3 6 58 54 5,2 5
5
6 cl c2 c3
7 |1yp-e 12,830| 10,464| 9,014|49,900| Aobop=| 4,721| -7,745| 2,382 cl=| -2,081
8 2 yp-¢ 10,464| 9,014| 8,570| 48,585 -7,745| 13,306 | -4,422 c2=| 2,641
9 [3yp-e 9,014\ 8,570{10,000| 58,200 2,382| -4,422| 1,742 c3=| 5,433
10
11 f(xk) 5,878| 6,038 6,233| 6,262| 6,174 6,101| 5,819| 5,605| 5,205| 4,886
12 Pa3HOCTh 0,022 | 0,038 0,133 | 0,238 | 0,126 | 0,201 | 0,019 | 0,205 | 0,005 | 0,114
13 |delta 0,03973
14
15 cl= c2= c3=
16 -2,081 | 2,641 | 5,433

Puc. 5. PacueTHas 001acTh 111 BEIYUCIIEHUS
koo durmenton pynxiuu Yy = f (X) = C1X2 +CyX+C3

3ameuanue. Hns HaxO0XJCHUs K03 puLreHTOB KBaJpaTUYHOU byHKIHT
y= f(X)Z C1X2 +CyX+C3 TakKe MOMKHO BOCHOJIB30BaThCsA (QyHKIHUEH JIMHEWH. Tlpu stom ee

napameTphl 3aal0TCs CICAYIOMUM 00pa3oM:
B16—=JIMHENH(B4:K4;B2:K3;ICTUHA).

[TapameTpel Cq, Cp W C3, TONYYEHHBIE C €€ TOMOIIBIO, HE OTIMYAIOTCA OT IapaMeTpOB,
MOJIYUEHHBIX IIPU PELLIEHUU CUCTEMBI (22).

3ananue

Jlns Habopa Touek (Tabn. 2) Tpebyercs mogo0paTh muHeiHyo Gynkimo Y = f (X) =CX+Cy

W KBajJpaTuyHyro (QyHKIuo Bugay = f (X) = C}lX2 +CyoX+C3. Crematb BBIBOL O JIy4IIEM

NPUOIMKEHNU 3HAYECHUH Y, .

Tab6muma 2
Nesap | Ne 1 > | 3| 4 |5 |6 | 7| 8| 9 | 10
TOYKHU

1 Xk 0,2 03 | 0,5 0,7 08 | 09 1,1 1,2 1,3 1,4
Yk 3,9 5 6,1 6,5 6,3 6 4.8 54 5,2 6

2 Xk 2,5 2,7 | 29 3,0 33 | 35 3,8 4,1 4.4 5,2

Yk 7,8 8 8,4 8,9 9,2 10 8,1 8,9 120 | 114

3 Xk 5,2 55 6 7 7,5 7,8 8,1 8,9 9 9,5
Yk 20 19,5 | 19,1 19 18,2 | 189 | 18,1 | 17,8 | 17,7 18

4 Xk 11 19 | 2,2 2,4 2,6 2,8 3 3,3 3,5 3,8
Yk 4.4 46 | 52 4,8 56 | 59 6 6,2 6,1 8

5 Xk 0,9 12 | 15 1,8 2,1 2,4 2,7 3 3,3 3,7
Yk 6,1 6,7 | 6,5 7 7,3 7,2 7,7 7,4 7,1 7,7

6 Xk 0,3 06 | 0,8 1 1,3 1,6 1,8 1,9 2,2 2,4
Yk 3,5 38 | 45 5,2 5,9 6,5 7,1 7,3 8 9

7 Xk 15 1,8 2 2,2 2,5 3 3,3 3,7 4 45




Yk 7 7,5 8 8,5 9 9,5 9 91 8,2 8,4
8 Xk 2,5 3 3,5 4 4,5 5 5,5 6 6,5 7
Yk 12,2 | 135|148 156 | 16 | 169 | 17,7 | 186 | 19,8 22
9 Xk 3,2 34 | 36 3,8 4 4,2 4,4 4,6 4,8 5
Yk 51 58 | 65 7,1 8 8,3 8,4 / 7,3 7,5
10 | X« 4,5 4,7 5 5,9 58 | 62 6,6 6,9 7,3 7,5
Yk 10 109 | 12 | 134 | 147|148 | 14 13,9 | 135 13
11 Xk 2,5 27 | 29 3,0 33 | 35 3,8 4,1 4,4 5,2
Yk 7 7,2 8 8,3 9 8,5 8,1 8,1 9,2 10
12 Xk 11 19 | 2,2 2,4 26 | 2,8 3 3,3 3,5 3,8
Yk 6,1 6,7 | 65 7 73 | 1.2 7,7 7,9 8,1 7,7
13 | X 0,9 12 | 15 1,8 21 | 24 2,7 3 3,3 3,7
Yk 10 109 | 12 | 134 [ 14,7 ] 138 | 14 139 | 135 12
14 | X 15 1,8 2 2,2 2,5 3 3,3 3,7 4 4,5
Yk 122 | 135|148 156 | 16 | 169 | 17,7 | 186 | 19,8 22
15 | X 0,3 06 | 08 1 13 | 16 1,8 1,9 2,2 2,4
Yk 4,4 46 | 52 4,8 56 | 59 6 6,7 6,5 8

JlaGoparopHasi padora Ne 2. IlpubiuxeHHOe BbIYMCICHUE HHTEIPAJIOB

Kparkas reopus
YacTo B MpakTUYECKUX TENAX TPeOyeTcs BBIYUCIATH TUIOMIAIU TIockux (uryp. Ilpu atom u3-3a
IIPOU3BOJIbHOCTU TI'pPaHUIL O6HaCTI/I, 3aHSATOM Q)Hrypoﬁ, nponecc BbIYUCIICHUA 3aTPpYHAHSIACTCH. B
HEKOTOPBIX CIIy4asiX TaKylo IUIONIaAb MOKHO HAWTH TOJILKO MPUOIMKEHHO. PaccMOTpuM Ha nmpumepe.

Haiitu  mmomans  urypsl, OTPaHUYECHHOW  JIMHUSIMMU: x=0 X x=12 X y= 0;
0, x<1

51£1<x§&
5

14— x

, 6<x<14;

0, x>14.

Bocnonb3yemcst rpa¢ukoM, IpUBEACHHBIM Ha puc. 1, rae u3o0paxeHbl QyHKIMH Y = y(x),

X=a=0, y=b=12 u y=0. Inomans uckomoii HuUrypsl paBHA IUIOUIAIN YETHIPEXYTOIbHUKA
ABCH w nerko BeIUucHsieTCs, eciii paspe3atbh ABCH Ha yactu. B pe3ynbrare nomxydaem:

v

b 14 y=0 «x
Puc. 1. Tpadux dyuxiun Y = f (X)

A/ O
H
+

NP

~_

—_
[N
N
|
(o))
A —
Il

% — mwiomane tpaneuun BCHD;



5 15 25

S= S1 + 52 = E —=—= 6, 25 — tounoe 3HaYeHME IJIOIIAIM.

Opranusyem Boruncienue Excel:
1. Moctpoum Tabuuiy QyHKIMH Y = y(x) mis 11 touex: N=11. Paccrosume mexmy

Toukamu N = , TaKk Kak npu Bbioope 11 Touku momyuyaercs Bcero 10 MHTEpBaJIOB Ha OTpPE3KE.

n-1
Touku HAXOASTCS 11O PopMyIam:
xx=a=0; X =X_1+h, k=2,11. Q)
2. Ctpoum Tabnuiy i 11 Touek Ha oTACIbHOM JucTe (puc. 2.).
A B C D
1 a= 0
2 b= 12
3 n= 11
4 h= =(B2-B1)/(B3-1)
5 Ne Touku X y
6 1 =B1
7 2 = B1+B$4
16 11

Puc. 2. Beraucnenue mioniaau Gurypsi

3. CormacHo  ycioBHIO,  (QYHKUMS  3aJaHa KaKk  KyCOYHO-TIIOCTOsHHas  (opMmysoin

0, x<1;

51£1<xs&
5

y(x) = , IO3TOMY JUIsl €€ BBIUMCIICHUS UCTIONIb3yeM (HOpMyILy:

14_X,6<x£1¢

0, x>14.

C6 — =ECJIU(B6<=0; 0; ECIIM(U(B6>1; B6<=6); (B6-1)/5; ECJIN(M(B6>6; B6<=14); (14—
B6)/8; 0))).

4. TIpoBepuM NpaBUIBHOCTH BBIYUCIEHUS (DYHKIMH, IOCTPOUB €€ TpaduK Ha OTpe3Ke [0, 12].

3aMeTuM, YTO MOJIyYEHHBbIH TpaduK HE OYEHb IMOXO0X Ha TOYHBIA rpaduk. DTO CBSI3aHO C
BbIOOpOM 3HaueHus N. TIOHATHO, uTO yem OoJbIIee YMCIO TOYEK Ha OTpe3Ke B35ATh, TEM TOYHEE

nostydaercs rpaduk. Jo6aBuM B 00JaCTH MOCTPOEHUSI OCHOBHBIE U NMPOMEXYTOUHBIE JINHUU CETKU MO
ocu Ox. Torna, ucnonb3ys 3TU JIMHUM, MOKHO YBHUIETh, YTO MCKOMAs IUIOIIAAb pa3pe3aeTcs TMHUIMU

X=X, I =1, N na ormensHble Tpamenmu (puc. 3). IIpu >ToM Kakaas i-f Tpamenus UMeeT BBICOTY,

paBHyo h, u 1Ba ocHoBanus Yj u Yjy1.
5. Jlng noacyera miomaau Gurypsl Bocrosab3yeMcs GopMyoii

s=Sas,.
i=1

rie AS, :%(yi + yiJrl)(XiJrl - xi):%(yi + yi+1)hi — nomanp i-it Tpamemuu, 1 =1, N—1. Bcero

Tparnemui CToIbKO, CKOJIbKO HHTEPBAJIIOB Ha OTPE3KE [a, b].
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v

Puc. 3. Pa3pe3anune ncxonHoi pUrypbl BEpTUKAIBHBIMHU TUHUAMUA X = X;

6. Bsoaum dpopmyny D6 — = (C6+C7)*B$4/2. Pactipoctpansiem ee Ha stueiiku D6:D15.
[Toncunraem miomans: D16 —» = CYMM(D6:D15). [Tonyyaem 6,21.
3ameTM, TIOJIYYCHHOE 3HAYCHWE IUIONIAM NPUOIU3NUTENBHO paBHO TOoYHOMY. Cremyer

OTMCTUTH, YTO 4YCM 0oJIbllle TOYEK 6epeT051 Ha OTPEC3KEC [a, b], TEM TOYHCC IIOJYyHaCTCA PE3YyJIbTAT

BBIYMCIICHUA.
3ameuanue. BEIIOJHEHHBIE BBIYMCICHHS COOTBCTCTBYCT HpI/I6JII/I)KeHHOMy BBIYHCIICHHUIO
OIIpCACIICHHOI'O HHTCTpaJIa:

S :Ty(x)dx

Meto, KOTOpBI MCIOJIB30BAJICS MPH BBIYMCICHUH ILIONIAN, HA3bIBACTCS METOA TPalemui.
Ero o6mas popmyna numeer Buu:

b
yk+yk+1
S= X)dx = 5
!y() nlé 2 )
1 ne v — _ _— . _b-a
Fﬂeysz(xk).k—l,n,Xl—a,Xk—Xk_1+h,k—1,n,h_n_1,

YuuTeiBas BEIpaXXeHUE 10J1 CyMMOM B opmysie (2), ee MOXKHO 3aucaTh CIeAyIOIUM 00pa3oMm:

._ I«/x+1 _b=aty+ Vi h(yﬁyz L YotYs,  Yn2+VYna,
n-1,5 2 2 2 2

1+
+—y” > y”)=h(y21+y + Y3+t Yoo z+yn_1+y—2”]

CyHIeCTByI-OT U ApYrue METOJAbl BBIYMCICHUS OINMPCACICHHBIX HHTCIPAJIOB U rmomaaef/i IINIOCKHUX

¢buryp.
MeToa npsiMoyroJibHUKOB TIPEANOJIAraeT BRIYUCICHUE HHTETpaia mo hopmyne (puc. 4):

b n-1
S :J'y(x)dx :%Zyk =hy, +hy, +..+hy _ =AS +AS, +..+AS_,,(3)
T4 ok=1
unu o popmyiie (puc. 5)

b n
S :jy(x)dx:%Zyk =hy, +hy, +..+hy =AS, +AS, +...+ AS_, 4)
a —li=

rae ASi = hyi — 3TO ILIOIIAAb PSMOYTOJIbBHUKA, KOTOPBIU SBIIETCA YaCTHIO KCKOMOM ILIOIIAIHN.



A
Yy yr/
Vi Y2 Yn-1
1
§ 77
a b x'
X1 X2 Xn-1 Xn

Puc. 4. Mnmoctpanust IpuOIUKEHHOTO BEIYUCIICHUS
momaau ¢urypsl o popmye (3)

A
Yy yV
yl y2 Yn-l
1
% -
a b x'
X1 X2 Xn-1  Xp

Puc. 5. WnmocTtparus npuOIMKEHHOTO BBIYUCICHUS
miomaau ¢urypsl o popmyie (4)

PaccmatpuBast puc. 4 um 5, 3ameuyaeM, 4YTO BBIYMCICHHE IUIOMIATM IUIOCKOH (UTYpBHI,
OTpPaHUYECHHOMN JMHUSIMU X =a; X = b; y= 0, y= y(x) , TO’Ke He JaeT ToOYHoro 3HaueHus. OaHako,

3anucaHHble (OPMYJIbI TaKKe MOKHO MCIIONIB30BaTh IpPHU OLIEHKE Miomaau. M 3aeck, Kak U B cilydae
npUMeHeHUs GOpMYJIbl Tparneluui, OyJeT BepeH BbIBOJ O TOM, YTO TOUHOCTh BBIYMCICHHUS TEM OOJIbLIE,

gyeM OoJibIle OepeTcst TOUEK Ha OTpe3Ke [a, b].
Metox CumIicoHa mpe/roiaraeT BhIYMCICHUE TUTOIMAAM (MM OMpPEaeIeHHOr0 MHTErpaa) 1mo
bopmyne
" b-a
S :Iy(x)dXz— (y0 + yZn)+ 2(y2 +Y, et y2n72)+
6n
a (5)
(Y3 + Yo oot Yons) |

IJIe Ha OTpE3KE [a, b] BBIOUPAIOT TOYKU X0, X1, X2, ..., Xon—1, Xon-
B merone Cumrnicona He0OX0MMO OpaTh HEYETHOE YUCIIO ToueK M = 2N +1 ua OTpE3KE [a, b]
1 YETHOE YUCIJIO MHTepBajIoB M-1.

5
X+1
IIpumep 1. Beruucauts uHTErpan J.—dX, UCroNb3ys  (opMyabl  Tpamenui,

0
MPSIMOYTOJIBHUKOB ¥ CUMIICOHA.
[oaroroBum Tabauiy 3Hadenuit Gpynkuuu (puc. 6), Beidupas M= 21 touxy Ha orpeske. Touku

nponyMmepyeM oT 0 o 20. Beruncimm KoopAuHATBI TO4eK X, , UCNonb3ys (opmynsl (1), u 3HaueHue

dynxuun Y, =0,5,/%x +1, K =0, 20. B coorsercrsue ¢ 3tum Ha mucre Excel sanumem dopmysisr:
D2—> =(B2-B1)/(D1-1);



B5— =B1;

B6— =B5+$D$2. Oty dopmyny pacnpocTpansem Ha auana3oH B6:B24, 4ToObI MOIydYHTH
3HaYeHus TOYeK X ;

C4— =KOPEHb(B4+1)/2. Oty ¢dopmyny pacmnpoctpansiem Ha auamazoH C5:C24, uyToObl
HOJIy4YUTh 3HAUEHUs TOYEK Y .

B cronbue D mocunraem 3HaueHWEe MHTErpalia, HCIONbB3ys (popMyny Tpamenui, B ctoioue F —
dbopmyny npsimoyroiapHUKOB (3), B cronbue F — dopmyny npsmoyronbaukoB (4), B cromdne G —
dopmyny Cumrcona.

Pazbepem moapoOHO mporiece BEIYUCICHHS 10 KaKA0H 13 Gpopmyir:

1. s cron6ua D ucnons3oBaniack popmyiia Tpamnenuii (2) B Buae

5 m-1
s-] X2+1dx=hKWJ+h e
0 k=1

Chnauana mnepemectuM B cronben D 3Hauenus ¢ynkuun Yy : D4— =C4. Dopmyny

pacnpoctpaHnsieM Ha auana3zoH C5:C24. Teneps B sueiike D25 3anuceiBaem (opMyity JUIsl BBIYMCIECHUS
MHTErpaia

D25— =D2*(0,5*(D4+D24)+CYMM(D5:D23)).

2. B cronbue E uHTErpajn BbUUCIUICA TO (opMysie MPSMOYrOJIbHUKOB (4), IO3TOMY CHaudasa
copMHpyeM HyKHbIE IPOU3BECHUS:

E4— =D4*$D$2,
a 3areM B siueiike E25 nojacuntaeM 3HaueHue MHTErpaa

E25— =CYMM(E4:E24).

3ameTuM, yTO IpH ITOM siuelika E24 octaercd mycroil, 4TO COOTBETCTBYET 3HAUEHUIO HOJb B
JAHHOM CIIy4ae.

3. B cronbue F mHTerpan BeMUCISICSA 1O (GopMyse NpsIMOYTOJIBHUKOB (4), IO3TOMY CHauaia
copMHpyeM HYKHbIE IPOU3BEICHUS:

F5— =D5*$D$2,
a 3areM B siueiike E25 mojacunTaeM 3HaueHHe MHTErpaa

F25— =CYMM(F4:F24).

A B C D E F G

1 =0 m=[21
2 b=5 h=00,25

Ne Toukn| x y TMeTOHV prlMOl\}//[Te(’)rJfI)fHI/IKOB HpﬂMol\}/f[:;J(I)fHHKOB CMGTOH

pametit |- o dopmyse (3) | mo dpopmye (4) FMIICoHa

4 0 0 | 0500 | 0,500 0,125 0,500
o 1 | 025/ 0559 | 0,559 0,140 0,140 2,236
6 2 05 | 0612 | 0612 0,153 0,153 1,225
7 3 | 075 | 0661 | 0661 0,165 0,165 2,646
8 4 1 | 0,707 | 0,707 0,177 0,177 1,414
9 5 | 125 | 0750 | 0,750 0,188 0,188 3,000
100 & 15 | 0,791 | 0,791 0,198 0,198 1,581
111 7 | 175 | 0829 | 0,829 0,207 0,207 3,317
12| g 2 | 0866 | 0866 0,217 0,217 1,732
13/ o | 225 0901 | 00901 0,225 0,225 3,606
141 10 | 25 | 0935 | 0,935 0,234 0,234 1,871
15 11 | 275| 0968 | 0,968 0,242 0,242 3,873




16| 12 3 | 1,000 | 1,000 0,250 0,250 2,000
171 13 | 325 | 1,031 | 1,031 0,258 0,258 4,123
18 14 | 35 | 1061 | 1,061 0,265 0,265 2,121
19 15 | 375 | 1,000 | 1,00 0,272 0,272 4,359
20 16 4 | 1,118 | 1,118 0,280 0,280 2,236
211 17 | 425 | 1,146 | 1,146 0,286 0,286 4,583
22\ 18 | 45 | 1,173 | 1173 0,293 0,293 2,345
23| 19 | 475 | 1,199 | 1,199 0,300 0,300 4,796
241 20 5 | 1225 | 1,225 0,306 1,225
25 S= 4,565 4,474 4,655 4,566

Puc. 6. Beruncienue nHTerpaia ¢ UCIoIb30BaHUEM PA3HBIX KBaAPATYPHBIX POPMYI

3aMmeTuM, 4TO IpH 3TOM suelika F4 ocrtaercss mycToil, YTO COOTBETCTBYET 3HAUEHHIO HOJIb B

JAaHHOM cCJIy4dac.

MOMHHTb, YTO 33/JIaHHOE YUCJIO TOYEK M Ha OTpe3Ke [O; 5] u yucio N B dopmyne (5) cBs3aHbl

COOTHOIeHHueM M = 2n +1, MO3TOMY AJIA OIIPEACIICHHS N BOCIOIb3yCeMC (1)OpMy'J'IOI71 OCJI0YUCICHHOI'O

geneHud N = {

4. B cronbue G wunTerpan Beramcisercs mo Gopmyne Cumricona (5). Ilpm atom ciemyer

m
5 :| , ato cootrBercTBYeT B EXCel popmyne [IEJIOE(D1/2).

Hanee, cormacaHo ¢opmyrne CumrcoHa 3Ha4eHUs (YHKIUU B TOYKAX C YETHBIMH HOMEpaMU

JOJKHBI OBITH YMHOXKEHBI Ha 2, a C HEYETHBIMU Ha 4, T03TOMY HCIIOJIb3yeM (hopMyiry

G5— =ECJIM(OCTAT(A5;2)=0;2*C5;4*C5),

KOTOPYIO pactpocTpaHseM Ha jauamna3on G6: G23.

OKOHUaTENbHO AJIS BBIYMCIICHUS 3HAaUEHUsI HHTErpasia, nojiyqyaem
G25— =(B2-B1)/(6*IIEJIOE(D1/2))*(G4+G24+CYMM(G5:G23)).
CpaBHMM Bce MOJIy4YeHHbIE pe3yJbTaThl (pHUC. 6) C TOUHBIM 3HAaUEHUEM

N 5
2 x= 2 (x+2P72 = 2692 1) 45656,
2 3 03

0

CJ'IC,Z[yeT OTMCTUTD, YTO TOYHEC BCCTO 3HAYCHUC ITOJTYIUIIOCH 110 MCTOAY CumicoHa.

3aganue

Boraucnute uHTErpal1, UCmob3yst GopMyIbl Tpaneui, IpsMoyroibHUKOB 1 CHUMIICOHA.

Ne Ne
1 j dx 9 1
(x3 + 3x + 2)dx
— |
0 4—x 0
1 4
2 f x?dx 10 f(\/E+ 2)2 p
01+x6 Vx *
1 1
3 f\/}—ld 1 fx2+3
X
0\/}4-1 ) x—2




11
4 12 P
L f c dx
f xdx 4
1+ x2
0
5 1 13 1
dx
fx2+4x+5 J(x3+x\/§)dx
0 0
1 5
6 f x%dx 14 x—1 4
1+ x2 f X x
0 1
7 6 15 2,
+x+1
]\/x + 3dx f%dx
1 1
8 4 X 16 1
f(ﬁ +4) dx j(Bx + 1*dx
1 0

JlaGopaTopHasi padora Ne 3. O0bIkHOBeHHbIe U epeHIuATbHbIC YPABHCHUS U
HX CHCTEMBI
Kparkasi reopus
I[J'IH ONMUCaHUA AOUHAMHWYCCKHUX CHUCTCM HCIOJB3YHOTCA OOBLIKHOBEHHEIE ):[I/ICI)(I)CPCHLII/IB.JIBHLIe

ypaBuenusa (OlY), Bkimtouaromue NEPEeMEHHYIO COCTOSIHUS X = X('[) paccMarpuBaeMoro o0ObeKTa U

Flt, x(t), X(t), .. XVt))=o0,

rne F (t, X, X, ..., X(n)) — 3aJ1aHHas PyHKIIKS; X(k)(t) — npou3BoHas K-ro mopska.

IMPONU3BOJHBIC OT HCC!:

K ypaBHeHMsM Takoro tuma OTHOcATCS JMHeWHble OJY N-ro mopsaka ¢ NOCTOSHHBIMU
ko3¢ duLIeHTaMU:

x() ¢ alx(”_l)

+..+a,_1 X' +a,x= f(t), (1)
rae ay,ay,...,d, — HOCTOsIHHbIE yncna; f (t) — 3a7aHHas PyHKIHUA.
YpaBHeHue Buaa

n-1)

x() ¢ alx( +.o.+ap X +ax=0 )

Ha3bIBACTCS OJJHOPOAHBIM.
MoskHO moKa3aTh, 4yTo pemieHue HeogHopoaHoro OJ[Y (1) MOXXHO TIpeCTaBUTH B BUC
X(t)=xo(t)+ X(t),
rae Xg (t) — peleHrue OJTHOPOJIHOTO ypaBHEHUS (2); )A((t) — JIF000€ YaCTHOE PEIICHHE HEOTHOPOIHOTO
ypaBHeHus (1).
JlnHamudeckne 00BEKTHI MOTYT TaK)kKe OmuchiBaThCs cuctemamu OJ1Y Buia



x = f(t, X3, X, oevs X )

x5 = fo(t, Xg, X, oovy X ), (3)

, —_—
X = oty Xg, X, oeny X ).

Cucrema (3) Ha3bpIBaeTCs HOPMAJIBHOH CHCTeMOH OOBIKHOBEHHBIX IH(depeHIuaTbHbIX
YPaBHEHHUIA.

Hopmanbnas cucrema OJ1Y HaswiBaercs JuHednoi, ecnmu ¢pyukuuu fi, fo, ..., f, aexsorcs
JMHEWHBIMU OTHOCUTENILHO HEM3BECTHBIX. TaKyto IMHEHHYIO CUCTEMY MOXHO IPE/ICTaBUTh B BUJIE
(dx
E =ad11X Tt Xy +...+ QX + bl’
D2 _ ¥+ Xy 4o g X + b
= G217 T A22A2 T ... T A2 An T2,
! dt ()
d
rie Bee kodpouumenter Qy, I, K= 1, n, a Taxxke bi, i=1, N Boobume roBops, SABIAOTCA

IIPOU3BOJIbHBIMHA (1)YHKI_[I/I$IMI/I or t. Ecau Bce BeaMYMHBI aik, bi IIOCTOAHHBI, TO TaKasd CHCTEMaA

Ha3bIBaeTCs JuHelHoM cuctemoii OY ¢ mocTosHHBIMEU KO DUITIEHTAMH.

0O0603HaUYNM
Xt Xq by
((t)) , %1 92 & b
x(t)= X2 , ax _| % S A=| 321 82 Qn | g|"2
, ay ay;, .. a
Xn (t) X! nl n2 nn bn
Torga cuctemy OJ1Y (4) MOXHO 3amucaTh B MATPUYHOM BUJIE
dx .-
—=AX+B.
dt

YucsenHoe pemenue 1ugdepeHuajbHbIX YpaBHEHU T

Paccmorpum OV | mopsiaka
L) ®
dt
rae X = X(t) — nemssecrnas, a f (X, t) — samannas pynkums. Iycts dynxkums X = X(t), npu t =t
M3BECTHA, T.C.

X(to) = Xo. (6)
1 TpeOyeTcs HaliTh pemenne ypasHeHus (5) mpu ycnosuu (6) Tak, aro t:1 > 1.

3anaua Haxoxaenus perrenuss OJ1Y (5) npu ycnosuu (6) Ha3siBaeTcs, 3anaveii Komm.
Ecmu (X, t) nuneiinas mo x ¢ynxumus, to ects, f (X, t)=ax(t)+ F(t), o ypasuenne

a = aX + F () nasemaerca muneiinni OJY | mopsiaxa.

PaccmoTpum cuctemy nuddepeHmanbHeIX ypaBHeHHH | mopsaka



%: fl(xl’ X2, . Xm, t)l

dt

dX2

—:f X’X!""X’t’ 7
it 2 (X1, X7 m: 1) )
dx

= 0 e X, )

e X = X (1), K =1 n, f = f (Xg, X9, X, 1), K =1, N — U3BeCTHBIE GyHKIMY.
Ecnn HavanpHble 3Ha4eHUs QYHKIHA X (t), k=1, n npu t =1ty usBecrHsI
X (to)= X0, k=1, n, (8

TO 3aJ1a4a HaxoXKAeHus pernenus (7) nmpu yciaoBusx (8), Ha3piBaeTcs 3axavei Komm.
BgeneM B paccMoTpenne Habophl HemsBecTHRIX QyHkunid X = X(t) , pynxium

f= f()_(, t), F = lf(t) BUJIA

X1 (t) f1(x, 1) Fy ()
<= Xo () CF(R 1) = fa(X, 1) . Flty= R |
Xn (t) fn (X, 1) Fn (t)
Torna cucremy OJ1Y (7) MOKHO 3amucaTh B BUIC
dx -
—=f(X,1).
T (X, 1) ©)

s perenns OJIY ¥ MX CHCTEM HCIONB3YIOTCS Pa3IMYHbIC YUCICHHBIC MPOLEAYPHI (METOIHI,
cxembl). PaccMoTpuM HEKOTOpble M3 HUX Ha mpuMepe ypaBHeHuit (5), (9), He pasznuuas WX, TaK Kak
ypaBuenwue (5) monydaercst u3 cucteM (7) nmpu N=1. Vcronp3yembie MOAX0bl K YHCICHHOMY PEIICHUIO

dx

Oﬂy, OTJIMYar0TCA TEM, UTO JIMHEHHOE HpI/I6J'H/I)KeHHOC 3HA4YCHHUC HpOPI3BOI[HOI>i E MOKHO TPaKTOBATb

M0-pa3HoOMY (KaK 3Hau€HHUE B JIEBOM, IPaBOW M CpeIHEN TOUKE), a TAKXKE TEM, YTO JJISl alllIPOKCUMAIIUH
gynkuuu X(t) u mocnmemyromero BeIYMCIIEHHS €€ MPOU3BOAHON MOKHO HCIIONB30BATh PasIMYHbIE

a6IoHbl (TPEXTOUEUHBIE, MATUTOYEYHBIE M T.1.). Bo Bcex ciydasx OymeM CUMTaTh, YTO 3HAYECHHUE
X(t0)= XQ 3amaHo.

Paccmorpum ypaBHenwe (5). Bmemem HaGop Touek 1y, tp,..,f Ha ocm Ot tak, gro
ti=tg+h; tb=t;+h; t,=t,_,+h; h=t —t,_;. Paccmorpum cnexytomme pasHOCTHBIC CXeMbI

npubIMKEeHHOro pemeHus cucremsl OY:
1. SIBHas cxema Dinepa

@: f (X 1) (10)

Xk+1=Xk+hf(Xk,tk). (11)
B cxeme (10) 3HaueHHe NPOM3BOAHON, HAWICHHON NPUOIMIKEHHO, NPUHUMACTCS DPABHBIM
3Ha4YeHUI0 B JeBOil Touke [ orpeska [l _q; tx,1]. Cxema (10) sBHas, Tak Kak pelmieHHe B TOUYKAX

t,, K =1,2 sBHO BeIpaxkaeTcs uepes pelieHre mpeabIIyIeil TOUKU ¢ moMOoLIbio popmyibl (11).
2. HesiBHas cxema Diinepa

AL £ (o ). (12)

B pasHoctHO#M cxeme (12) 3HaYeHHWE KOHEYHOH PAa3HOCTU NPHHUMAETCS PaBHBIM 3HAYCHHIO
IPOM3BOAHOM B IpaBoif Touke Uy 1 orpeska [ty ; tk. 1] U3 dopmymsl (12) momygaem:

X1 =Xk + 0 (X teaa) - (13)



Takum o6pa3om, HaxoxkJeHHE Xk 41 Ha KaXJIOM IIare TpeOyeT peleHus HeTMHEHHOro

ypaBHeHus (13).
3. Cxema ¢ IeHTpaJbHBIMH Pa3HOCTSIMHU

A= £ (0 1), (14)

31eCh KOHEYHON Pa3HOCTH MPHAACTCS CMBICH MPOM3BOAHON B Touke [ orpeska [ty _1;tc 1]
[Tonyuaem
Xic+1 = Xi-1 + 0 F (X, ). (15)
Jlnst npumenenns cxembl (15) HEOOXOAMMO 3a1aTh JOMONHUTENBHO 3HAYCHUSA X{ B TOUKe .
D10 MOXHO caenarb ¢ moMmouwpio cxembl (15), momaras, uro X; =Xg+h f(Xg, tg), a nanee

UCI0JIb30BaTh cxemy (15).
4. Meton Diinepa-Komm

_ 1 *
W :E(f (X, te) + F (X ka1, tk+1))’ (16)

rae
Xk+1:Xk+hf(Xk,tk). (17)

*
3amerum, uto B cxeme (16) Xy,q HaxomWTCS C MCIOIBb30BAaHMEM SBHOH cxeMbl Dinepa (10).

[Tpu 5ToM cxema (16) sBsICTCS ABHOM, TaK KaK Ha KaKIOM II1are

h *
X+1 = Xk +E(f(xk' ti) + F (X1 t|<+1)) k=01 2,... (18)

3ameTnm, cxembl peieaus cucreM OJ1Y monydatorcs u3 paseHcts (10); (18) myrem 3amMeHbI X Ha
X,fna f unpumenennem >Tux cxem Ay KaKI0TO ypaBHEHHS CHCTEMBI.

IIpumeps! pemenust AU ¢epeHnaTbLHBIX YPABHEHUH U cucTeM JH(depeHHaIbLHBIX YPABHEHU
MeTooM Jiisiepa B Excel

Merton DOiinepa ucnonb3yercs JUIsl YHCICHHOTO MHTErpHpoBaHus AuddepeHInaIbHbIX
ypaBHEHUH U cucTeM JudepeHIINATbHBIX ypaBHEHHI.

PaccmoTpuM 3a1auy
{y, = f(x y)

y(%0)= Yo,

rae Yo — 3ajaHHOE 3HaYeHHE HCKOMOM (QyHKIMK B TOYKe X( .

(19)

Bribepem mar N u moctpoum cucremy pasroctosmmx ysnoB X = Xg +Kh, k=1,2,3, ...

ITyctes Yi = y(xk) — 3HaueHWe uckoMol (yHkumu B K-it Touke (y3ne). Jns muddepeHmmanbHOro

ypaBHeHus (19), ucnonb3ys npubdanxKeHHble OPMYJIbl BBIUMCICHHUS MPOU3BOJHON MEPBOro MOPSAKA,
II0JIy4aeM JIBE PA3HOCTHBIE CXEMBI:
1) siBHast pa3HOCTHAs cXeMa

wzf(xk,yk), k=012 ..; (20)

2) HesiBHAsI Pa3HOCTHAs CXema

Yt e _ (g, y,0). k=012, ... @)

B pe3ynbrate cornacHo Meroay Jiiepa NpuOIMKeHHbIe 3HaYeHUSI HeM3BEeCTHON QyHKIuu Y = y(x)

BBIUHCIISIIOTCS COOTBETCTBEHHO MO opMysiam:

1) ssBHast pa3HOCTHAs CXeMa



yk+1:yk+hf(xk,yk),k=0,1, 2,...; (22)

2) HesiBHAs Pa3HOCTHAs CXeMa

Yier = Vi +hf (% Visn) k=0,1,2, ... (23)
I[Tpu 5TOM IpH UCIIOIB30BAHUM HESBHOM Pa3HOCTHOMN CXEMBI [UIS BbIUMCIEHH Y .1 TpeOyeTcs pemars,

BOOOIIIE rOBOPS, HEMMHEITHOE ypaBHEHUE. [Ipy UnCI€HHOM UHTETPUPOBAHUM MOKHO UCIIOJIb30BaTh
TM00YI0 U3 PA3HOCTHBIX CXEM.

IIpumep 1. Pemuts quddepennnaasHoe ypaBHEHHE
{y’ =X+,
y(0)=4.
Pewenue. Bocrionb3yemcs siBHOM cxeMoit (22), Torna
yk+1 = yk + h(Xk + yk)’ k :01 11 21 ey
rae Xg = 0,a Xk =X + hk : Yo = 0. Bri6epem h =0,05.
[Toctponm Ha nucte Excel pacuernyto cxemy (puc. 1). s onpenenenus Touek Xy ¥ 3HaAYCHHUI

bynkuuu Yy BBeeM GOPMYIIBL:

B5— =Bl;

B6— =B5+$B$3;

C5— =B2;

C6— =C5+$B$3*(B5+C5),
W pacnpocTpaHuM WX BHU3 HA HY)KHOE YHCIIO siueek. B manHOM ciydae Ha puc. | pacueT mokasaH ajis
10 Touek.

A B C D E
1 x0=|0
2 yo= | 4
3 h= 10,05
4 Touku xk SIBHast cxema YK Tounoe pemenne | HesBHas cxema yk
5 0 0 4,000 4,000 4,000
6 1 0,05 4,200 4,206 4,211
7 2 0,1 4,413 4,426 4,435
8 3 0,15 4,638 4,659 4,673
9 4 0,2 4,878 4,907 4,927
10 5 0,25 5,131 5,170 5,197
11 6 0,3 5,400 5,449 5,484
12 7 0,35 5,686 5,745 5,788
13 8 0,4 5,987 6,059 6,111
14 9 0,45 6,307 6,392 6,454
15 10 0,5 6,644 6,744 6,817

Puc. 1. Pemenue nuddepenmanibHoro ypaBHeHUs

. X
Bocnonbs3yeMcs TOYHBIM pelIEHWEM AaHHOW 3ajayu y(x)=5e —X—1, 4ro6sl CpaBHUTH

TOYHOCTb BblunclieHHi. CpaBHUBAs 3HAUYEHMs B CTOJIOLE JUId pacyeTa Y M TouHoe pemeHue (puc. 1),
MOXKHO CJieJIaTh BBIBOJ O XOPOILIEM COBMAJCHUM 3HAUCHUU. BBIUMCIAS MOTpelHOCTh pelieHus o
dbopmyre:

Ay = — , 2
y kgg;fm\yk y(%¢ ) (24)



TIOJIy4aeM, 4TO JUIsl IBHON Pa3HOCTHOM cXeMbl orpemHocts Ayy = 0,099.
Bocnonb3yemcs Teneps HessBHOU cxemoit (23), Toraa
Vi = Vi ThOx + Vi), k=0,1,2, ..,
rje no-npexnemy Xg = 0,a Xk = Xp + 0,05k ; Yo = 0. Torma nns BeraMCIEHMS Yk 11 momy4yaem

yk+1—y"+—hxk, k=0,12, ... (25)

Boruucnenuss no ¢Qopmyne (25) mnpencraBnensl Ha puc. 1. ITlorpemHocts pemieHwus,
nojcuurtannas 1o dopmyie (24), pasna Ay, = 0,074 . Takum o6pazom, npuMeHeHHUE HEABHON CXEMBI

Ditnepa Mo3BOJIUIIO MOIYYUTH 00Jiee TOUHOE PELICHHUE.

Meton Dilniepa Takke MOXKET ObITh MPUMEHEH Ui peieHus nuddepeHanbHbIX ypaBHeHHH
Oosiee BBICOKOTO MOpsaKa. B 3ToM citydae, MCHOJB3yd JONOJIHHUTENbHBIE TEPEMEHHBIC, HCXOIHOE
ypaBHEHHE CBOJAT K cucteme nuddepeHnumanbHbx ypaBHeHHI. Paccmorpum Golsiee moapoOHO 3TOT
nporiecc Ha npuMepe Qg epeHInaIbHOr0 YpaBHEHUS BTOPOTO MOPSIKa:

yu — f(X, y’ yr),
y(Xo) = Yo: (26)
y'(X0)= Yo

rae Yo u y{) 3aJlaHHBIC 3HAYEHUS PYHKIIMH U IEPBOM MIPOU3BOJHON (DYHKIUH.
Beenem o603HaueHne Z(X) = y'(x), Toraa Z'(X) = y"(x) U Torja 3ajaayva (26) npeoOpa3zyercs K
BU]LY:

7'=f(x, vy, z),
¥(X0)= Yo; (27)
2(Xo) = Yo-

TouHO Tak e, Kak M B MPEAbIAYIIEM CiIy4yae, pacCMOTPUM SIBHYIO M HESBHYIO Pa3HOCTHBIC
CXEMBI, KOTOpPbIE UCIIOJB3YIOT JIIsl YMCICHHOIO pelleHus 3afa4u (27). 3amaeM MHOXKECTBO y3JI0B X,
X =Xo+hk, k=123, ..., torma Yy = y(xk), Z = Z(Xk), k=1 2,3, .... Honyyaem sBHYIO
Pa3HOCTHYIO CXEMY B BHJIC:

yA —-Z
—k+1h K= £ (Vi 2
(28)
Tt =k _ g7 k=01, 2,..
h ) H ) ) bl

rae Yo u Zg 3amaHsl no ycinoBusam 3aaaud (27). Ilocne npeodpazoBanus GopMyisl (28) UMEIOT BUA:

Zi1 = 2+ hf (X, Vi, 2 )
Yk+1 = Yk +th, k=0,1 2, ...

JIns1 HesIBHOM Pa3HOCTHOM CXEMBI MOJIy4aeM

%: F O Vit Ziaa):
(29)
ykLh_yk 2., k=012, ..
Torna i BEJEHHs PACUETOB UMEEM
Zkn = 2+ NE (X Visns Zean): (30)

Yki1 = Yk TNz,1, k=01 2, ...



PaspemuTs nOCIEeqHION CUCTEMY YPAaBHEHHM OTHOCUTENBHO Zk .1 M Yk 1 HE BCerjga yaaercs

npocro. Ecmu dyukums | (X, Y, y') B 3amave (26) HeNMMHEWHas, TO 37eChb MOTYT MOTPEOOBATHCS
METO/Ibl PEIICHNs HETMHEWHBIX ypaBHEHUH.
IIpumep 2. Haiitu perieHue ypaBHEHHS y" =X+ y’ + 2y IPU YCIJIOBUAX, YTO y’(O) =0,5;
y(0) =1.
3agaguM mar h= 0,04 U CHCTEMY TOYEK X = 0, Xk = Xg + 0,04k k =1 2, 3, .... [lyctb
Z(X) = y'(x), TOrJa 3aja4a IMeeT BUJ
Z'=X+27+2y,
y' =1,
2(0)=0,5, y(0)=1.
Hcnonb3yst SBHYIO pa3HOCTHYIO CXEMY, TTOJTydaeM
Zy 11 = Zi +0,04(x + 2y +2, ),
Yk+1 = Yk +0,04Zk, k = O, 1, 2,

IToctpoum pacyernyio cxemy Ha nucre Excel (puc. 2).

A B C D E
1 h= 0,04
2 y(0)=|1
3 z(0)= 10,5
4 Touku xk yk zk TouHoe pernieHue
5 0 0 1,000 0,500 1,000
6 1 0,04 1,020 0,600 1,022
7 2 0,08 1,044 0,707 1,047
8 3 0,12 1,072 0,822 1,076
9 4 0,16 1,105 0,946 1,109
10 5 0,2 1,143 1,078 1,146
11 6 0,24 1,186 1,221 1,188
12 7 0,28 1,235 1,374 1,235
13 8 0,32 1,290 1,539 1,288
14 9 0,36 1,352 1,717 1,347
15 10 0,4 1,420 1,908 1,413

Puc. 2. Pemenune nuddepeHnmanbHoro ypaBHeHUs: BTOPOTo MopsiAKa

Hcnonp3ys TOUHOE aHAIUTUYECKOE PEIIeHNEe PaCCMaTPUBAEMOI0 YpaBHEHUS
2X
y(x)= O,S(e — X +1),
CpaBHUM TIOJyYeHHbIe 3HaueHHWs B cTonOmax «yk» um «Tounoe perrenuey». OIEHHM IMOTPEITHOCTH
BBIUKMCIEHNH, ucnons3ys dopmyny (24), torma Ay =0,007. Crenyer oTMeruth, YTO TOIYYEHHOE

PCHICHUC U TOYHOC PCUHICHUC B 3aIaHHBIX TOYKAX HpI/I6HI/DKeHHO PaBHBI.

3aganue.
Haiitu pemenue 3agaun Kommu:
Ne YpaBHeHue y(0) y'(0)
1 y" =5y + 6y =2x 0 5

2 y'+2y' +5y=x+5 3 1




3 Yy +y = 5x 4 2
4 y'+y =2x 3 2
5 ¥ +9y" =10 1 9
6 y'—y=x 1 3
! y'—4y' +4y =3 2 4
8 y'—y =6x+1 3 5
9 y"+8y"+16y =9x + 1 1 0
10 y"' =7y +6y =3x+2 6 1
11 y"'—2y'=3y+x 3 1
12 y'" — 4y’ = 4x — 13y 6 0
13 y'=2y"—y+5x 2 -1
14 y"+7y =x+ 8y’ -1 5
15 y'—y=x+1 4 2
16 y"' +10y =2y' + x 2 8

Kparkas Teopus

3aIaHHBIX YCJIOBUSAX. O6ma;1 IIOCTaHOBKaA 3aJa4u UMECT BU:

z = f(x)— max(min):;

JlaGoparopHasi pabora Ne 4. Pemienue 3a1a4 JMHEHHON ONTUMHU3 AU

3amaya ONTUMU3ALMU MPEANOJaraeT HaXOXKIACHHE HaWyyllero (ONTHUMAaJbHOTO) pEIICHUs B

g,(x)=0, i=11; (1)
9;(x)>0, i=1+1 m,
rae z=f (X) Ha3bIBaeTCsl  LeneBod  (QyHKUuWEH;  yclIoBUA g; (X) =0, i= ]j nu
g (X) >0, i=1+1 m — ycrnosusMu orpaHMYEHUSIMHE; NIEPEMEHHAs X MOXET pacCMaTPUBAThCS Kak

MpocCTas MepeMeHHast WM KaK BEKTOp Bujaa X = (Xl, Xoy vony X )

MHOXeCTBO TOYeK X, ISt KOTOPBIX BBIMOJHSIOTCS YCIIOBUSI OTPAaHWYEHHs, OOBIYHO 0003Ha4YaoT {2 u

HAa3bIBAIOT 00J1ACTHIO JONMYCTUMBIX pPelleHUM.



Eciu Bce ¢ynkuumm 3amauu (1) nuHeliHBIe, TO 3aJaya Ha3bIBAeTCS 3aladeil JTHHEHHOMN

ONTUMM3ALMK WIH JIMHEWHOTO NIpOorpaMMHUpoBaHus. B 3ToMm cilydae 3amadya HMMEET CIEAYIOUIYIO
(GopMynupOBKY: HATH 3HAUEHUS /I MEPEMEHHBIX X{, X9, ..., Xp, IPH KOTOPBIX JOCTUIAETCA MUHUMYM

(WM MakCUMyM) JIMHEWHOU (DYHKIIMH BUA
n
Z= X+ Xy FtCyXy = D CiX )
J=1

IIpH YCIOBUH, YTO O3TU IIEPEMCHHBIC YIOBJICTBOPAIOT CUCTEME JIMHEHNHBIX HEPAaBCHCTB (BOSMO}KHO
PaBEHCTB):
d11X + 10Xy +...+ Qp Xp < b_l.’
3)

Am1X + amoXo + ...+ 8mnXn < by
Xj>0’ j:]., , (4)
rie Cj,aj,bj eR.

Ipumep. IIpennpustue npousBoauT ape moneau medemu (4 u B). O0beM HX MPOHM3BOJCTBA
OTpaHUYEH 3aracaMH ChIpbsi U JIOMYCTUMBIM BpEMEHEM paboThl 00opyaoBaHus. J[is mpou3BoICTBa
Mozenn A TpebyeTcs B cpemHeM, ¢ ydeToM Opaka, 3 M° mepeBa, a s Mojenu B — 4 M. Ilpeanpustue
TONydaeT OT MOCTABIIMKOB exkeHenensHo 1700 M3 nockm. J{ns m3rotosnenus moxenu A Tpebyercs 12
MUH MaIlTMHHOTO BpeMeHH, a Mojeiau B — 30 MuH. MiMeeTcsi orpaHrueHre Ha UCIOJIb3YyeMOe MAIIHHHOES
BpEeMSi, CBS3aHHOE C OTPAaHUYCHHBIM YHCIIOM UMEIOIIMXCS CTAHKOB. B Helemo MOXKHO HCITOJIB30BaTh HE
6ozee 160 4 mammHHOrO BpeMeHu. CKOJIbKO U3AEIUN KaXKA0ro BUJIA CIEIYET BbITYCKaTh IPEIIPUITHIO
B HEJIEJIO, €CIIH KaXI0€ U3/ieNne MoAelu A IPUHOCHT 2 JeH.e/l. TpUObLIH, a Moaienu B — 4 nen.ex.?

Pewienue. C(popMmepyeM 3aavy IJIaHUPOBAHUA KaK OIITUMHU3AIIMOHHYIO. HYCTB X KOJIMYECTBO
U3ICTUN IIEpBOro TuIa, y — KOJIUYCCTBO U3IEIUN BTOPOTI'O THUIIA, BBIITYCKACMBIX B TCUCHUC HCIACIINU.

[IpubbiTe OT peanu3anuu ITUX u3Aeauid cocraBisier (2x+4y). Oty npuObulh HE0OXOAUMO
MaKCUMHU3HPOBATh, YTO (DOPMATHHO 3aITUCHIBACTCS B BUJIC

Z=2X+4y —> max.
3anumemM OrpaHHUYCHUS, CBA3AHHBIC C pCCYpCaMH, UCIIOJIb3YCMbIMHA B IIPOU3BOJACTBC!

— orpannYenue Mo 3amacam gocok: 3X + 4y <1700;
— orpannyenmue 1o 3atparam mamuanoro Bpemenn: 0,2X + 0,5y <160;
— KOJIMYECTBO MPOYKIIUH JIOJDKHO ObITh HeoTpunatenbibim: X >0, Yy > 0.

Cdhopmupyem pacueTHyro obacTh 3amaun (puc. 1) Ha mucre Excel.

A B C

1 | usnenue 4 0




2 | usgenue B 0

3 | npubbLIH 0

4 | Matepuai 0 | « 3x+4y<=1700

5 | Bpems 0 | « 0,2x+0,5y<=160

Puc. 1. ObopmiieHne BBIYUCITUTEIBHON 00J1aCTH

B saueiixu Bl n B2 pa3smeniaem 3HaueHus Bbinyckaemon nponykuuu X u Y. IlepBoHavyanbHO

BBoIM B1—0 1 B2—0, 4T0 cooTBEeTCTBYET yCIIOBHIO (4).
B sueiixy B4, B7 u B8 BBosaTCS hopMyIbr:

— nmns pacuera npubbum: B4— =2*B1+4*B2, uto cooTBeTcTBYeT (hopMysie BBIYMCICHHS
1eJIeBOM (DYHKIINH;

— JIUIS IPOBEPKHU OTPaHUUYCHHUS 110 3amacam 10cok: B7— =3*B1+4*B2;
— JUIsL IPOBEPKH OIPAaHUYEHUE 110 UCIIOJIb30BaHUIO MAIMHOYACOB:
B8— =0,2*B1+0,5*B2,

rae Bl u B2 — cChUIKM Ha STYEHKHU, B KOTOPBIX 3a/1aHBl 3HAUYCHUS X U ).

[anee ycranaBnuBaeM Kypcop Ha sueiiky B4 u Haxumaem kHonky «llomck pemenus» Ha
Bkiaake «/lanubiey. IIpu 3TOM cchuika Ha s4eiiky, B KOTOpOH 3amucaHa (Gopmyia sl BBIYUCICHUS
1eneBoi (PyHKIUU, YCTAaHABIMBAETCS aBTOMATUYECKH.

B okHe «ITouck perieHus» 3amoIHIIOTCS ClienyoIne nois (puc. 2):
1. Yka3piBaercs (uaxok «PaBHOM MaKCUMaIbHOMY 3HAYEHUIOY.

2. B mnone «M3MmeHss sueHKHM» YKa3bIBAIOTCS CCBHUIKHA, B KOTOPBIX (PUKCUPYIOTCS HCKOMBIE
3HaueHus B1:B2.

[Mownck pe weHMA

WCTAHOBMTE LENEEYHD AUERKY ! B3| BEINDAHMTE

PaEHoA: MAKCHMANEHOMY SHIYEHHHD zHaueHuo: |0
@ = ¥ D = JaKkpeITE

() MMHMMANEHOMY SHAHEHHHD
5MEHAA AYERKH!

oo =
CrpaHHYEHHA: NapaHeTpel
1852 =0

$B$4 <= 1700

fos < 1o

BOCCTAHOEHTE
¥AanuTe

Cnpaeka

Puc. 2. Omncanne 3amaun B makere [louck pemenus

3. B nmone «OrpaHuyeHud:» BBOASTCSA BCE OrPAHUYEHUS, COAEpKAIIMECS B MaTeMaTH4YECKOMN
dbopmynupoBke 3amaun. Kaxkmoe u3 HUX BBOAMTCS C MOMOIIBIO KHOMKHU «/{oOaBuTh». Hampumep, mis



No ok

8.
9.

BBOJIa TEPBOTO OTPAaHUYCHHS HA MaTepHualibl B OKHe «/[00aBUTH orpaHuueHus» B mone «Cchluika Ha
s4eliKy» BBOAUTCA B7, BLIOMpaeTcs THII OrpaHMYeHds < U BBOIUTCA B moie «OrpaHHYEHHs:
3HayeHue 1700. AHaJIOTHYHO 33/1a€TCsl OTPAHUYECHUE HA BPEMS.

Kpome 3T0r0 BBOAMM OrpaHnyeHus Ha 3Ha4ueHus (4): $B$1:$B$2>=0.

[Tocne naxkatus kHONKYU «BboimonHuTh» nakeT «Ilouck pereHrs» BhIMOIHIET pacyeT U BBIBOIUT
Ha JKpaH OKHO «Pe3ynpTaTbl MOKMCKa pelIeHHs», TA€ BHIOEPEM «COXPAHHUTh PE3YJIbTaThl IOUCKA
pELICHUS.

Honyuennbie pesymbrate: X =300; y =200 (zanucansr B sueiikax B1:B2). Haiinenuas
MakcumaibHas mpuosUs 1400 (stueitka B4).

IIpumep BbINOJIHEeHHS padOTHI

TpeOyercs: pemuTh 3amady ONTUMHU3ANMH, CHOPMYITUPOBAHHYIO B TIPUBEICHHOW BHIIIEC
MaTeMaTHYeCKOM MOCTaHOBKE.
J1J1st 3TOT0 HEOOXOIMMO BBITIOJIHUTE CIICAYIOIIUE JICHCTBHUS:
1. B sueiiku A7 u B7 (B manpHeiieM 3HAY€HUS 3TUX S4YE€EK OyAyT MoJ0OpaHbl aBTOMATHYECKH )
BBeaMTE TEKCT «KomnuecTBO NpoayKuu 1-ro u 2-ro TUIIOBY.
2. B sueiiku A8 u B8 3aHoCsTCS HynM - B JaNbHEWIEM 3HAYEHHs 3TUX sSYeeK OyIyT MogoO0paHbl
ABTOMATHUYECKHU.
3. B sueiiku D9 u E9 3anummure «Pacxon cblpbs Ha eAMHUILY U3AeNUs 1-r0 U 2-T0 TUIIa.
B saueiiku A10, A1l 3anumure «3anac cblpbs 1-ro ¥ 2-ro BUIOBY.
B siueiiku B10, B11 3anecute 3anac cbipbsi — 21 1 30 COOTBETCTBEHHO.
B stueiiku nquamazona D10:E11 pa3memarorcs 3HaYS€HUS pacXxojia ChIPbsI.
B sueiikax C10:C11 HyxHO yka3aTh (opMynbl Ui pacdeTra pacxoda ChIpbs MO TUIAM u3jenuii. B
sueiike C10 popmyna Oyner uMeTh BHUI:

=$4%$8*D10+$B$8*E10.
A B c D E F G H =
1 INabopaTopHan pabota PEWEHME 3A0AY ONTUMU3ALWKM B CPE[E MICROSOFT EXCEL
2
3 Buinonxun: c1.XT® 112 Cupopos B.W.
4
5 MpoBepun: Ao, K.T.H. MeTpos. A.B.
B8

KonmyectBo | Konuuvectso
npoaykuny 1- | npoaykumm 2-
7 ro TUNa ro Tuna

8 5 6
[PacxoA, cbipba Ha | Pacxog, ChipbA Ha
€AVHILY N3AENNA |eaUHILY U3enus
g 1-ro TMna 2-ro TUna
“BanacceipeA 1 i
10 1-ro Bupa 21 21 3 1
3anac cbipbA 1
11 2-roBuga | 30| 28 2 3
12
Mpubbinb ot | MNpubbink oT
npoaaxu npoaaxu
eAMHULbI eANHUL|bI
n3penua 1-ro | usgenna 2-ro
13 TunNa TunNa
14 3 2 3HaueHHe (hYHKUMN Lienu:

W4 Pewmenve saaan ommvmmsann { uer2 { M3 / | |

roToso

Puc. 3. [IpuMep BBITOTHEHHS pabOTHI

B stueiiku A13 u B13 BBeaute «[IprObUIh OT NMpOJaky eIMHULIBI U3/1€THs 1-T0 ¥ 2-TO TUIIOBY.
B saueiiku A14 u B14 3anecute npubObUIb OT MPOAAXKU NPOAYKLIUN — 3 U 2 COOTBETCTBEHHO.

10. B sueiiky F14 3anecute (opmyny, KOTOpas BBIYMCISAECT NPUOBUIb MPEANPUATHS OT peau3aluu

npoaykin: $A$8*A14+3$D$8*B14.

11. IlonaB komanny Cepuc—Ilouck pemeHnus, OTKpbITh AuanoroBoe okHO Ilonck pemenust.
12. B mosie YcTaHOBHUTH WeJIeBYIO YyKa3zaTh SYCHKY, COACPKAIlyl0 onTUMH3upyemoe 3HaueHue (F14).

YcranoButh mnepexnmovaresns PaBHOW MakcuMajibHOMY 3HaueHuio (TpeOyercs MakcuMalbHas
IpUOBLIB).



13.
14.

15.

16.

17.

18.

B none U3menss siueliku 3aaiite 1uana3oH noaoupaeMsix mapamerpos — A8:B8.

UtoOBI onpeeuTh OrpaHuyYeHus MeakHuTe o kHomnke Jlo6aBuTh. B nmuanoroBom oxue JlobaBiaenune
orpannyennss Ha noie Ccepuika Ha siveilky ykaxute auanasoH C10:Cl1. B kaudecTBe ycinoBus
yctaHoBuTe 3Hak <. B none Orpanmuyenue 3anaiite auanazoH B10:Bl11l. Dro ycinoBue ykasbiBaeT
3anachl ChIpbsi HE MEHbBIIIE PACX0JI0B HA MTPOU3BOJCTBO JIAHHBIX TUIIOB U3CIIUM.

[ToBTOpUTE TE *Ke AeiicTBus ans nuanazoHa A8:BS, B kauecTBe yclioBUS — YCTaHOBUTE 3HAK >, a
orpanndyeHuit — yncio 0. 3To yKa3bIBaeT, YTO YUCIO MPOU3BOIUMBIX U3EIHI HEOTPULIATEIBHO.
Heo6xomumMo yka3arb, 4TO HEJIb3sI TPOU3BOAMTH A0IU HM3aenuid. [[nsg storo B moie CchliIka HA siYEHKY
KHOTIKH /|00aBUTH B KAYECTBE YCIIOBUS BEIOPATH MYHKT IeJI.

Jlisa mpou3BeACHHUS ONTHUMH3AIUHU IIEJIKHYTh M0 KHOMKE BBIMOJHUTH, mocie 3aBepllieHus Ipolecca
ONTUMHU3AIMNHA OTKPOETCS TUATOrOoBOe OKHO Pe3yabTaThl MouMcKa pelneHus. /[ okoHYaHUS paOOTHI
yCTaHaBIIMBAaeTCs Nepekitouatesib COXpaHUTh HalIeHHOe pelleHue.

Coxpanute pabouwnii TUCT B Bamel namke (puc.3).

3aganue
Tpebyercst: pemuTh 3aaady ontuMusanuu (tabdin.l), chopMylIupoBaHHYIO B NPUBEICHHOU

BBIIIIE MAaTEMAaTHYECKOH ITOCTAaHOBKE.
Tabmmna 1. Mcxonuble JaHHBIE

Ne 3amaya ONTUMHU3AIAA

1 2-x,45-x,+1-x, <10
2.x,+0-x,+4-x, <7
2.x,+1-x,+1-x, <17

x;,20,x,20,x, 20

F(x,,x,,x;)=2-x,+3-x, +4-x, —> max

2 2-x,+3-x,<8
4-x,+0-x, <25 F(x,,x,,%3)=3-x; +4-x, > max

x,20,x,20

3 x,+3-x,+8-x, <5
2:x,40-x,+x, <8
2:x,4+3-x,+5-x, <30
x,20,x,20,x, 20

F(x,,x,,x3)=x, +5-x, +2-x; > max

4 3-x,4+2-x,+5-x, <13
3-x,+x,+0-x, <9
0-x,+4-x,+7-x,<18

120,x,20,x, 20 F(x,,x,,x3)=7-x, +3-x, +x; & max

S 13-x,42-x, +5-x, <27

7-x;,+3-x, +x5 <15

x,+0-x,+2-x, <12

x,20,x,20,x,20 F(x,,x,,x;)=2-x,+9-x, +3-x, — max

6 2:x,+3-x,+5-x, <20
8-x,+4-x,+x,<15
X, +x,+0-x,<2

x,20,x,20,x, 20 F(x;,x,,x;)=3-x, +8-x, +4-x, > max




3-x,+x,+2-x,<6

0-x,+3-x, +x, <4

4.-x,+0-x, +3-x, <5

x,20,x,20,x,20  F(x,,x,,x;)=4-x, +7-x, +5-x, > max

22-x, +17 -x, +3-x, < 47
5x,+19-x,+11-x, <34
8-x,+15-x, +17-x, <27
x,20,x,20,x, 20 F(x,,x,,x;)=5-x, +6-x, +6-x, > max

3-x,+5-x,+2-x, <15
4.-x,+3-x,+3-x,<9
5x,+6-x,+4-x, <30

x,20,x,20,x, 20 F(x;,x,,x3)=x, +3-x, +5-x; > max

10

5-x,+2-x,+17-x, <8
3-x,+4-x,+5-x, <10
4.x,4+5-x, +8-x, <23

x,20,x,20,x, 20 F(x,,x,,x;)=10-x, +8-x, +6-x, — max

11

8-x, +17-x, +x, <31
5x,+8-x,+9-x, <17
2-x;,+0-x, +5-x, <22

x,20,x,20,x, 20 F(x,,x,,x3)=3-x,+6-x, +10-x, - max

12

10-x, +7-x, <14
2-x;,+3-x,<19
x,20,x,20 F(x,,x,)=9-x, +5-x, > max

13

3-x,+x, <15
x, +4-x,<6

x; 20,0, 20 F(x;,x,)=3-x, +9-x, - max

14

4.-x,+3-x,+x, <26
7-x,+x,+4-x,<9
5.x,+8-x,+0-x; <50

x,20,x,20,x,20 F(x,,x,,x,)=5-x, +4-x, +6-x, — max

15

5x,4+46-x,+3-x;, <11
2:x,+5-x,+12-x, <38
3-x,+0-x,+4-x, <12

x,20,x,20,x,>0 F(x,,x,,x3)=4-x,+7-x, +x; > max




JlaGopaTopHnasi padora Ne 5. Pemenne 3a1a4 HeJIMHEHHOH ONTUMU3ALMHA

Kparkas Teopus
3ajaya ONTUMM3ALMU MHPEANoNaraeT HaxX0oXKJIEHHE HaWwIydllero (ONTHUMAalbHOIO) pEIIeHUs B
3aJJaHHbIX yCIoBUsAX. OOIIas MocTaHOBKA 3a/1a41 UMEET BUL:

z = f(x)— max(min);

0i(x)=0, i=11; (1)
9;(x)>0, i=1+1m,
rjae z=f (X) Ha3bIBaeTCsl  LeneBo  (yHKIuEH;  yclIoBUA g; (X) =0, i= ]j u
gi(x) >0, 1= m — YCIIOBUSIMU OTPAaHUUYEHUSIMH; MEpEeMEHHass X MOXET pacCcMaTpUBaThCs Kak
MpocCTas MepeMEHHAs WIIM KaK BEKTOp Buja X = (Xl, Xoy vony X )

MHOXeCTBO TOYeK X, /ISl KOTOPBIX BBIMOIHSIOTCS YCIOBUS OTPaHHYEHHs, OOBIYHO 0003Ha4YaT (2 u
Ha3bIBAIOT 00JIACTHIO JOMYCTUMBIX PeLIeHH .

Eciu B 3amaue (1) xors Obl ogHa M3 (YHKIHIA f(X) 1507051 gi(x) HeJIMHEHHas, TO 3aaada

OTHOCHTCH K 3a7ja4aM HEJIMHEWHOI0 IIPOrPaMMHUPOBAHUS.

B ornnuue oT MMHEHHBIX 337a4 B HETMHEWHBIX JIOIYCTUMAasi 00JIaCTh MOXKET UMETh OECKOHEUHOE
MHOXECTBO KpPalHUX TOYEK, a LeneBas (QYHKIMS MOXKET JOCTHraTh CBOETO SKCTPEMyMa HE TOJBKO Ha
rpaHuIle, HO U BHYTPH 00JIACTH.

Jnsa pemieHus 3aa4 HENMHEHHOW ONTUMHU3ALMM YHUBEPCAIBHBIX METOJOB HE CYILECTBYET.
Bmecte ¢ TeM UMMEIOTCA CHIELMAIbHBIE TUIBI TAKUX 3a4ad, KOTOPBIE XOPOILIO HCCIEAOBAaHbI
Teoperndecki. K HUM OTHOCATCS 3aJa4d C BBINYKJIBIMH (BOTHYTBIMH) LEJIEBBIMH (DYHKIIUSMH,
paccMaTpuBaeMble Ha BBIITYKIIBIX MHOJKECTBAX.

Oyukuus Y = f (X) , OIIpe/ieJIeHHAasl Ha MHOXECTBE X, Ha3bIBaeTCs BBITYKJIOW, €CIH IS JTFOOBIX
ToueK X1 ¥ Xo M3 Xu VA, 0<A <1 cnpasenmuso
FOxg + Q=A% ) <Af (%) +(L-2)F(Xy).
Oynkiusa Y = f(X) , OIIPENICIIEHHAs Ha MHOXECTBE X, Ha3bIBACTCSl BOTHYTOM Ha MHOXECTBE X,

ecmu 1ist mo6bx Touek Xq u Xp w3 Xu VA, 0 <A <1 cnpasennuso
F O+ (L= A)%) 2 MF (%) + (L= 2)F (Xp).

TunoBo# 3aa4eil BBITYKJIOIO IPOrpaMMUPOBAHUS SIBJISIETCS 3a7a4a BUAA:

z=f(x)— min;

(pi(X)SO, i =1 m;

x>0,
riae f(X) " (pi(X), I =1, M BeIMyKJIBIE QYHKIUH.

Ecm (X) u Qi (X) =1, M BorHyrele (QYHKIHM, TO COOTBETCTBYIONIAS THIIOBAs
¢bopmMynupoBKa UMEET BUJI:

z=f(x)—> max;

0j(x)=0, i=1m;

X=0.

Crporoe peuieHue 3aja4 HeIMHEHHOTO TPOrpaMMHUPOBaHUs TpeOyeT, KaK MpaBuIIo, TPOBEICHUS
JIOTIOJTHUTEJIBHBIX HCCIEAOBAaHUM 00JacTu pemeHus MU camMod (GYyHKIHMH. DTO HEoO0XOIuMO JUis
000CHOBAHHOTO BHIOOpA CTAPTOBBIX TOUEK.

Pemenue 3a1ay HeMMHEHHOW ONTUMH3AIINH BBITIOTHSAETCS CIEAYIONUM 00pa3oM:

1) npoBomUTCS HCCIEIOBaHUE LENCBOM (QYHKIMHM B OOJACTH PEIICHUS C IENbIO BBISBICHHS
0CcOOEHHOCTEH ee MOBeICHUS B OTACIBHBIX TOUKAX;

2) TPOBOIUTCS HCCIICAOBAHUE OOJIACTH PEIICHUS C ILENbI0 BHIOOpA HECKOJBKHUX CTApPTOBBIX
TOYEK, IIPH 3TOM CTPEMSTCS BBIOPATh UX KaK MOXKHO OJFIKE K ONTHUMATbHOU TOUYKE (TOYKaM);



3) cTpouTcs BRIUUCIUTENbHAS 00JacTh Ha ucte Excel;

4) BBINOJHAETCS pacdyeT C IOMOIIBI0 HAACTPOiKU «[loMck pemeHus» s KaxIoi wu3
BBEIOpAHHBIX CTAPTOBBIX TOUEK. [loydeHHbIE pe3ynbTaThl cpaBHUBAIOTCA. [Ipy coBNaeHUH pe3yabTaToB
JIeJIaeTCs BBIBOJ O TOM, YTO ONTUMAaJIbHAsl TOUKa HailIeHa.

3ameTuM, 4TO TPH HEYJAAYHOM BBIOOpPE CTAPTOBOWM TOYKH MOTYT BO3HHUKATh CHUTYAI[MH, KOTJa B
pesynbTaTte npuMmeHeHus «llomck pemeHus» MOay4daroTCsl COBEPUICHHO pa3jIMyHble U Jaxe
HEIpaBUIIbHBIE peleHus. PaccMoTpuM Takol pumep.

Ipumep 1. Haiitn Z = &G —> MaX mpu yenosun —1<X<2.
[ToctpouM pacueTHy0 06sacTh Ha JrcTe EXCel, kak mokasano B Tabuiie:

A B C
1 x= 0
2 Z= = B1"2
3 1 orp = B1+1
4 2 orp = Bl1-2

k
IIpumenenune nakera «lloumck pemieHHs)» MO3BOJAECT MOJYYUTHh CIHEAYIOIIME peumieHuss X |
Zmax AAHHOM 3a]1a44 B 3aBUCMMOCTH OT BBIOOpA CTAPTOBOM TOYKH:

*
— ecnu craprosoe 3Havenne X =0,1o Zpy =0, X =0;
*
— ecrn craprosoe 3navenne X =—0,1,10 Z o =1, X =-1;

*
— ecru craprosoe 3navenne X =01, 10 Z 0 =4, X =2,

Takum 06pa30M, B 3aBUCUMOCTH OT CTAPTOBOI'O 3HAYCHUS IMOJIYIaCM PA3HBbIC 3HAUCHUA Zmax .

[IpoBenem wmccrnenoBanue paccmaTpuBaeMoil 3amaun. llemeBas (yHKIMS 31€CH ABISIETCS
HenuHeiHol. Ee rpaduk mapabona ¢ BepumHoil B Touke (0; 0). MccnenoBanue rpaduka ¢yHKIMN

2
Z=X" ma unteppaie —1< X <2, nokaseiBaer, uto HauGonblIee 3HAUEHUE QYHKIMU Zyayx =4 u

JOCTHraeTcs B Touke X =2.

PaccmoTpenHbIil mpuMep TMOKa3bIBAaeT, YTO YeM OJIM)KE OKa3bIBA€TCS BBHIOpAaHHAsl CTapTOBas
TOYKa K TOYKE DKCTpEeMyMa, TeM 0oJiee BEPOATHO, YTO MOJTYUYSHHBIH PE3yNbTaT MOUCKA peleHus OyaeT
COOTBETCTBOBATh JACHUCTBUTEIBHOCTU. [l03TOMY pemieHus 3amad  HEJIMHEWHOW ONTUMM3ALHMH C
ucrnons3oBanueM maketa «llouck pemeHus» TpeOyeT MPOBEACHHS TOMOJTHUTEIHLHOTO HUCCIIEIOBAHUS
GyHKIMM W JOMyCTUMOM OOJACTH pelieHus, a TakXe IMOCISAYIONIEr0 aHajau3a MOJYYeHHBIX
pe3yJIbTaTOB.

Ecin Takoe wccrnenoBaHue BBIMOJIHUTH 3aTPYAHUTENBHO, HampuMep, Uu3-3a  OOJBIION
pa3sMEpHOCTM 3aaud, TO YHHUBEPCAIBHBIM CPEACTBOM IOBBIIEHUS HAJECKHOCTH HAXOXKICHUS
MPaBUIILHOTO PEIIEHUs SBISETCA TepeOop OONBIIOTO YMCa CTapTOBBIX TOYEK, JISKANIUX B Pa3HBIX
94acTax 00JacTU JOMYCTUMBIX PEIICHUN.

3ameyaHus:

1. Jlns HenuHeWHBIX (YHKIUN TpH pEUICHUH 3aJa4d Ha OIpeleieHHe HarmOOJIbIIero
(HamMeHbIIEero) 3HA4YeHWS PEKOMEHIYeTCS BBIOMpAaTh HECKOJBKO pa3HBIX CTAPTOBBIX TOYEK,
YAOBJIETBOPSIOIIMX OrpaHUYEHUsIM. Toraa peleHueM 3a1aud CYATAETCS TO U3 MOJYYEHHBIX 3HAYEHU,
KOTOpOE Yale BCEro NoBTOPSETCS.

2. Ecnmun ¢yHKIMA Ha 3aJaHHONW 00NacTé (CHUCTeMa OTpaHHuYEHUM) MAOCTUTAET OIMHAKOBOTO
HanOOJIBIIIETO0 (HAMMEHBIIIETO) 3HAUEHUs Cpa3y B HECKOJBKHX TOYKax, TO «llomck pemeHus» HaxOauT

TY TOYKY X, THE Ymax = y(x), KOTOpas pacrojaraercs OJInxKe K 3aJJaHHOI cTapTOBOM TOUKe.

3. Iposeputp paboty Hanctpoiiku «llomck pemreHus» st (QYHKIHH OIHOTO WM JIBYX
MEPEMEHHBIX MOYKHO, HCIIOJB3Ys rpaduK (YHKIIMM Ha 3alaHHON 00JIACTH OTPAaHUYECHUH.

IMpumep 2. 3amana ¢GyHKIWMS Y = 2x3 —3x% —12x +10. Haiitn HauGobllce 3HAaueHUE
GyHKIIHT Ha OTpe3Ke [— 3; 3].

Pewenue. I[JIH OIMPCACIICHUA HanOOJIBIIET0 3HAYCHHUS COCTAaBUM 3aavy:



y(x) = 2x3 - 3x% —12x +10 — max,

X2-3, X<3§
r7e X — MepeMeHHas, KOTOpas U3MEHSETCS U yIOBJIETBOPSIET YCIOBUIO X € [— 3; 3]; Y(X) — nenesas
byHKIHS.

ITocTpoum o6sacTh BeruuciaeHU# (puc. 1).
A B C D

1 X= 0

2 y(X)= =2*B1"3-3*B1"2-12*B1+10

g

Puc. 1. Pacuernas o6nacts Ha nucte Excel

Tak xak obmactp () 3aaHa TPOCTHIMH HEPABEHCTBAMH, a HE YPABHEHUSIMH, TO BHECEM HX CPasy
B orpaHuueHus B okHe «Ilouck pemenus». 3anonHuM okHO «Ilouck pemeHus», Kak noka3aHo Ha puc. 2.

[Momck peweHHA

YITAHOEHTE LWENEEYH AHEHKY! 542 BbIMOAHHTE

PaBHOM! MAKCHMANEHOMY SHAHEHHHD zHadeHwH: |0
@ = ¥ D = 3aKpeITE

() MMHMMANEHOMY SHAYEHHHD
[zMEHAR AYERKK:

MzMEHHTE

o =
CIrpaHH-eHHA: MapameTpel
foit <=3

$Bf1l ==-3

BOCCTaHOEMTE
¥aaniTe

Cnpaeka

Puc. 2. Hactpoiika okna "Ilouck pemenus"

Ilocne HaXXaTHUSI KHOIKHU «BI)IHOJ'IHI/ITI)», moJrydyacM peIIcHue:
— B suelike B1 3HaueHue X, IpA KOTOPpOM (bYHKI_II/IH JA0CTUTACT CBOCTO HaMOOJIBIIIEr0 3HAYCHHMS:

Xmax = —1i
— B sueiike B2 3mauenne dynkmum Y(X), kKoTopoe sBNSETCA i Hee HAMOGONBIIMM, TO €CTh
Ymax = y(_l):17-

AHaJIOrMYHO HAXOJIUTCS HAaMEHbIlIee 3HaUeHHE (DYHKIUH.

Ipumep 3. Haiitu skctpemym pynkuun Z = X + 3X2 IIPY YCJIOBUH, YTO IepeMeHHbIE X{, X,
HEOTPHULATENIbHBI U YIOBJIETBOPSIOT CUCTEME HEPABEHCTB!

9< xZ —10%X; + X5 — 6X, +34<36;

X| + Xy 28;

X1, Xp 20,

Pewenue. Tlpexnae yem u3o6pasuth Ha miockoctn XOXo o6nacts pemienuit, BHIMONTHUM ee
npeoOpa3oBaHue:

X{ —10% + X5 —6Xp +34=x{ —10% + 25+ X5 — 6%y +9=

=(x —5)% + (x, —3)%;

(%, —5)% + (% —=3)? >9;



(%, —5)% + (x, —3)? <36.
[TocnenHre HEpaBEHCTBA ONPEAEIISIIOT KOO C HEHTPOM B TOUKE (5; 3) C paguycamMu Rl =3un

Ry, =6 (puc. 3). Jlunus X + X9 =8 orpesaer uacTh kosbla U B pesynbTaTe MOTydaercs 06J1acTh
JONYCTUMBIX PEIICHUM, OUepUCHHAs Ha PUC. 3 )KUPHOM JIMHUEH.
[leneBast ¢yHkuus Z ompeneneHa Ha IUIOCKOCTH X10X2. Ee mnoBenenne MoXKHO

MPOUJUTIOCTPUPOBATH Ha KOOPAMHATHOM IMJIOCKOCTH JIMHUSIMUA YPOBHS Z = dk =const, k=123, ...
BriObupas 3HaueHUs dk , TONy4yaeM CEMEWCTBO TMpSMBIX, MapaJUICTIbHBIX MEXKIY CO00H W

MEPICHAUKYIISIPHBIX BEKTOpY N = (1; 3). M3 mareMaTH4ecKoro aHajan3a HW3BECTHO, YTO (PYHKIHS

7= X1+3X2 Oyzer Bo3pacTaTh B HamlpaBiIeHWH BekTopa [N u yObIBaTh NpU JBWKCHUU B

IIPOTHBOIIONOXKHOM Hampasnenun. Ilostomy, ecom 0<dy <d j> TO JIMHHA YpOBHA Z = dk
pacronaraercsi omike Kk uann yposrs Z =0, wem Z =d j- M3 puc. 3 cnexyer, uTo HauboJIbIIEe

3HAYEHMS 1eNIeBOi QyHKIMM JocTHraeTcs B Touke (6,8; 8,7) u mpu s1oM Zpp, = 32,97 . Haumenbinee
3HaYeHHe J0CcTHTaeTest B Touke (8; 0), B kKoTopoit Z,;, = 8.

[TpounmocTpupyem Ha 3ToM npumepe padboty nakera «llouck pemenus». [loctpoum pacueTHyro
00J1aCTh, BBOZSI COOTBETCTBYIOIINE JaHHBIC U (POPMYIIBI, KaK IMOKa3aHO Ha pHC. 4. 3aTeM 3al0JIHUM OKHO
MOWCK pEIIeHMs, MPUYeM YCTAaHOBHM CHadala (QUIaKOK TOUCKA «MAaKCUMAIbHOMY 3HAYCHUION.
CraproBble TOUKH OyieM BBIOMPATh B 00JIACTH JONMYCTHMBIX PELIICHHUN.

x4
I N
N\ A Q‘ max
NG
N y
7

N
T~

N
<
L~
N

o ' N /
—~ / N D) /.
N et /;
s S EoB i 8N X
z=0 Zmin

Puc. 3. Obnacth 10MyCTUMBIX pelIeHUN

A B
1 x1= 0
2 X2= 0




3 z= =B1+3*B2
4 | 1-e orpaHuUEHHUE =(B1-5)"2+(B2-3)"2
9 | 2-¢ orpaHUYCHUC =B1+B2

Puc. 4. PacuetHas o6nacte Ha aucte Excel

BriOepeM HECKONBKO CTapTOBBIX TOUYCK JUIS ONpPEICICHUS HAanOOJIBIIEro 3HAYCHUS LIEIEBOU
¢ynkuuu. [TonyueHHsle pe3ynbTaThl cBezieM B Tab. 1.

Tabmuma 1
CrapTOBBIC TOYKH Pe3ynbTaT moucka Zmax
X1 X2 X1 X2 Zmax
8 55 6,898 8,692 32,974
8,5 6 6,898 8,692 32,974
9 7 6,897 8,692 32,974
4 8 6,898 8,692 32,974

AHaJIOTMYHO, BbIOEpEM HECKOJIBKO CTAPTOBBIX TOYEK I ONpEeAeIeHUsS HAaUMEHbILEro 3Ha4eHus
1eneBoi GyHkImH. Pe3ynpTaTel pacueToB MpUBEACHHI B Ta0. 2.

Ta0muua 2
CtapTOBBIE TOYKH Pe3ynbrar mowcka Zmin
X1 X2 X1 X2 Zmin
8 1 8,000 0 8,000
8,5 0,5 8,000 0 8,000
4 6 2,879 5121 18,243
2 7 2,879 5121 18,243
9 2 8,000 0 8,000

AHanm3 pe3yabTaToOB MO3BOJISIOT CHOPMYIUPOBATH CIEAYIONINE BHIBOIBI:
— 4yeMm Onmke BBIOpaHHas CTapTOBas TOYKA PACIONOXKEHa K TOYKE IKCTPEMyMa, TEM TOUHEe

HaxoJquTCsad TOYHOC PpCHICHUC 3ada4yv, KaK Ha MHUHHMYM, TaK WM Ha MAaKCHUMyM, JIA KOTOPBIX
COOTBECTCTBCHHO!

~ Zmax =32,97; x=(6,8; 8,7);

~ 2, =8 x=(8 0).

Ipumep 4. Haiitn Z = 5% — O,2X12 + 2Xy — 0,2X§ — MaxX mpH yCIOBUAX
13x%; + 6%y <90;

8x; +11x, <88;

X, Xp 20.

Pewenue. B nannoit 3amade meneBas GyHKIUS SIBISIETCS HEIMHEHHOM, a yCIOBUS-OTPAHUYCHUS
3aJ1al0TCs TMHEHHBIMU QyHKIUSIMH. [TocTporM 0611acTh TOMYCTUMBIX pelIeHui (puc. 5).
[IpeoOpazyem 1eneByto GyHKITHIO

Z=05X —0,2x12 + 2X5 —0,2x§ =5X%; —%xl2 + 2X5 —%x% =

1 2\ 1 2 1[ 2 625 625)
==125%; — X£ ]+ ={10x, — X5 )=={ 25%; — Xf + —= — === |+
5( 1 1) 5( 2 ) 5 1A 4 4

2
Lhox, —x2 - _ A By L 52,65 o
+5(10x2 X5 25+25)_ S(X 2] 5(x2 5) + 1 +5=



2
1 25 1 2 , 645
=—Zx—=] —=(x, -5 +—.
5( 1 2) 5( 2=5) 4

dynkuus Z ompenenseT napadonous BpameHus oTHocutenasHo ocu OZ ¢ ocklo, poxoasieit

25 y
uepes Touky | —; 5; 0| mapamiensno OZ. IMpoekuuu nunuii yposus Z na miockocts OX Xy —

25,
OKPYKHOCTH C LIEHTPOM B TOYKE ?, S | (myHKTHpHBIC Kpyrd Ha puc. 5). 3amaBas GUKCUPOBAHHOE

snauenue pynxuun C = CONSt, nonyuaem ypaBHeHus TUHEH ypOBHS:

2
25 5-645
(Xl—?j +(X2—5)2:T—C.
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Puc. 5. O6nacTh 10MyCTUMBIX pelIeHUi

5-645

>C, To NMHMAME YpOBHS IeNeBOH (GYHKIUM SBISIOTCA

Orcroma cineayer, 4To

25 5.645

OKPY’KHOCTHU C ICHTPOM B TOYKE [?, 5) . HpI/I

< C pCIJ_ICHI/Iﬁ 3aJlayd B JIE€HCTBUTEIIbHBIX

YHuCIax HET.
BBI6I/Ipa}I HECKOJIbKO CTAPTOBLIX TOYCK, ITOJTYUYUM CICAYIOMUC PE3YJIbTATHI:

CrapToBbI€ TOUKH Pesynbrar
X1 X2 X1 X2 Zmax
0 0 6 2 26
6 1 6 2 26
5 1 6 2 26




Takum oOpa3oMm, Haubosbliee 3HaueHUE (YHKIMM HAXOIUTCS B TOUKE (6, 2) U PpaBHO
Zmax = 26.

JlabopaTopHast padoTa Ne 6. AHAIU3 BPEMEHHBIX PS/I0B

Kparkas Teopus

BpeMeHHBIM psiioM Ha3blBaeTcs HAOOp HAOIIONAEMbIX 3HAUYEHHWH Kakoro-iubo mokasarens Y,
KOTOpPBIE (PUKCUPYIOTCS C HEKOTOPBIM ITOCTOSHHBIM IIAaroM (4Yepes JIeHb, HEeAEII0, MEeCALl, KBapTaj, ToN).
Taxoii HaGOP TOJHOCTBIO OMpesieNieH 3HaYeHHAMH ToKasatens Yy u HomepoMm K, cooTBercTByromum

MoMeHTy Bpemenu U ero dukcaruu. I1oaTOMy 10/ BpEMEHHBIM PSIOM TIOKa3atels OyaeM MOHMMATh

Habop ero sHaueHuit Yi, Yo,...; Yicr-oos Y B Momentsl Bpemenu ty, 1o, ..., 8.0 1.

AHaju3 BPEMEHHBIX PAIOB 00BIYHO ITPETIOIATaeT PENIEHUE ABYX 3a/1au.

1. BbIsBI€HHE TEHAEHIINM U3MEHEHHS [TOKA3aTeNs BO BPEMEHH WM, KaK TOBOPAT MHAUE, TPEH A,
DTa 3aaya CBOJMTCA K HAXOXJICHMIO oTHOcuTenbHO mpoctoil pymximu Y = (1), onuceiBaromeit
W3MEHEHHE NoKasaress. B kayecTse Takol (QyHKIMU OOBIMHO MCIIOIB3YIOTCS JMHENHAs, KBapaTHIHas
WJIH TPUTOHOMETPHYECKAs QYHKIIUH.

2. BhblINoJHEHHE TIPOrHO3a U3MEHEHHs aHAJIM3UPYEMOro MOKa3aTelsi BO BPEMEHH Ha MEpUoa T

(t=123,..).

[IponsutrocTpupyeM perieHue MepeurciICHHBIX 3a/1a4 Ha cienyroneM npumepe. [1ycts n3Becrex
00BbEM BBIITyCKa MPOIYKIIUHU TI0 MECSIaM C sTHBaps 1o Mai (¢ 1-ro 1mo 5-if Mecs1ibl), KOTOPBIH 3a1aeTcs
tadi. 1.

Tabnuma 1. O6beM BoITycKa TPOAYKIHH
Mecsm (1) 1 2 3 4 5

O06nbem BhITycKa (yk) TBIC. IIIT. Y1 Yo Y3 Yq Y5

B 1a61. 1 06bem Boimycka Y| (Teic. mt.) B K -it Mecsi (K = ]T5) 3a/1a€TCsl PABEHCTBOM:

Y =10+0,05(p+29+1)k +0,01(p+q +1)k? +0,022p+q+1)(=D*, ()
Wcnonb3ys nanusie (1) B Ta0s1. 1, ONpeaeTnTh:
1. JIuHeWHBIN TPEH I, OMUCHIBAIOIINK N3MEHEHHE 00beMa BBITYCKa M0 MECSIIaM B BUJIC:

y(t) = f(t)=c +Cot, t=t, =k, k=1,5. )
2. KBanmpatu4Hblil TpeH, 3aJaBaeMbIil PABEHCTBOM:
y=f,(t)=c +Ct+cgt?, t=t, =k, k=1,5. 3)

3. [MorpenHoCTh MPUOIMKEHHS JTAHHBIX BPEMEHHBIM PSJIOM MPH MCIOJIb30BAHUH TPEHIOB (2),

(3).

4. TlporaozupyemMoe 3HaueHHE 00BbEMa BBIITyCKa B HIOHE (6 MecsIl rojia).

MudpoBas Moaenb, HCNIOJIb3yeMasi PHU PellIeHUH 32124

1. Haiinem xoad¢umuentsr Cp,Cop, 3amaromue JUHEHHBIH TpeHA (2) METOZOM HAMMEHBIIHNX
kBagparoB (MHK), MuUHMMU3Upys OTKIOHEHMS MEXIy 3aJaHHBIMH 3HAUE€HUSIMU Y| U 3HAYCHUSAMH,
MOJyYeHHBIMHU 110 (hopmyiie (2), TO eCTh U3 YCIIOBHS:

n
p=Y(Ci +Coty — Y ) — min.
k=1
Cornacno MHK nonyuaem cinenyromyro CJIAY oTHOCHTENEHO HEU3BECTHBIX Cp,Co !



811Gy +a3,C, =by;
8,1C; +ap,Cy =hy,

5 5 5 5 5

2

rie 89 = D 1=N; @, =ay; =D 4 =15; Ay =D 1, =55, =Dy, ;s b, =Dty .
k=1 k=1 k=1 k=1 k=1

B pesynbrare pemenus CJIAY (4) naxonsarcs 3Hauenus Cp,Co u nuHelHbId Tpenn (4).

(4)

2. Jlna HaxoxaeHus koapdunuentos Cp,Cy, Cq kBagparuynoro tpenaa (3) MHK dopmupyercs
CJIAY Bupna:
8y1Cy +8y,Cy +8y3C3 =by;

81C) +89,Cy + 8p3C3 =by; ®)
a31Cy + a3,C, + A33C3 = Ds,
5 5, 5 5 4
rne 1 =N & =a21=k2tk: 3132331:;% Ay =k2tk , Ay =ag =k2tk ;

5 4 5 5 5 5
g3 =2t B =2 Vi by =2t Y b= 2ty
k=1 k=1 k=1 k=1

B pesynbrare pemenus CJIAY (5) naxomsarcs HemsBectHele Cp,Cy,C3, 3areM c ydeTom

paBeHCTBa (3) KBaJpaTUYHBINA TPEH]I.

3. Jnsg HaxOoKIEHHs HOTrPEHIHOCTH MPHOIMKCHUSI BPEMEHHOTO psijia JIMHEHHBIM TpeHaoM (2)
CHaYajia HaxOJMTCSl OTHOCUTEIIbHAS TIOIPEIIHOCTD B y3J1aX

60~ -
5 :M.loo%, k=15, (6)
Yk

B KkauecTBe NOrpEIIHOCTH KBAJPAaTUYHOTO MPUOIMIDKEHHUS TPUHUMAETCS HauOoIbIee U3
3HavyeHui (6).

[1pu kBagpaTnyHOM NpuOIMKeHHN (6) HAXOUTCS 3HAYEHUE:

[Fa(t) — il —
5@ 20 =Y 10006 15, @
Yk
a 3aTeM Cpe/M TMOJIYYCHHBIX 3HaueHUI BBIOMpaeTcss Haubobllee, KOTOpOe M MPUHUMAETCS B KaueCTBE
MOTPEIITHOCTH KBAJAPATUIHOTO TPUOITHIKESHUS.
4. TlporHo3upoBaHue 00beMa BBITYCKa C UCIOJIb30BaHUEM TpeHIOB (2), (3) B mioHe (mecToi
MECHII) BBITIOJIHSIETCS IO (popMyIiam:

y® = 1,(6); y? = £,(6).

MCTOJIH‘ICCKI/IC PE€KOMEHIAUHA 11O BBITIOJTHCHUTIO paﬁoTbI

Lenb paGoOTHI: OBNAIETh HaBBIKAMH MOJICIUPOBAHMS M3MEHEHHsI MOKa3aTessl BO BpEMEHH U

BBINOJTHEHHE TIPOTHO3a M3MEHEHHs aHAIM3upyeMoro nokasatens Ha nepuoxn T (1=12,3,...).

PaccMotpuM mopsok BemonHernus pabots as caydas P=0 u =0. O6vem Brimycka
MPOJYKIIMH TOT/Ia BRIYUCIIsAETCS 10 popmyste (1):

Y, =10+ 0,05k +0,01k? +0,02(-1)%, k =1, 5.

Ha mucte Excel (puc. 1) chopmupyem pacuerHyro obOnacts. st moctpoeHuss Tabm. 1 ¢
MCXO/IHBIMU JTAHHBIMU BBITIOJHSIOTCS CIEIYIOLINe TeHCTBUS:

1) co3mgaeM aBTOMATH3HUPOBAHHBIN CIHCOK C HOMEpaMH MecsIeB B sueiikax B3:F3;

2) wucnonb3ys ¢popmyiy (1), BeraucisieM 00beM BBIITYCKa MPOIYKIIUU
B4— =10+0,05*($B$1+2*$D$1+1)*B3+0,01*($B$1+$D$1+1)*B3"2+
0,02*(2*$B$1+$D$1+1)*(-1)"B3.



®opmyily pacrpocTpaHsieM TaK, YTOObI MOTYyYUTh 3HAYCHHUE BBIITyCKa MIPOAYKIIUH I BCEX
MECALIEB.

Cravana Haiiziem ko>ddurmentsr ¢; u Co muneitnoro Tpenaa Y(t) = fi(t) = ¢ +Cot. Mna ux

BBIYHMCIICHUS chopmMupyeM cucTeMy ypaBHeHUH (4), ucmomb3ys (opMynsl Uil pacdeTa ee
KO3 PHUIIHEHTOB:

5
all = 21: n B8— =F1;
k=1
5
Ao =8y = Xt ; C8— =CYMM(B3:F3); B9— =C§;
k=1
2., 2
Ay = D 0% C9— =CYMMKB(B3:F3);
k=1
5
by =2 Yk D8— =CYMM(B4:F4);
k=1
5
by = >t Vi s D9— =CYMMIIPOU3B(B3:F3;B4:F4),
k=1
rae ¢pynkuus CYMMKB(apr) noacuutbiBaeT CyMMY BO3BEICHHBIX B KBaIpaT apryMEHTOB.
A B C D E F G H I
1 p=10 g=10 n=1,5
2 | O0beM BbIITyCcKa NPOIYKIIMU
3 | Mecant k 1 2 3 4 5
4 | O6veM
BEITycKa y_k 10,04 10,16 10,22 10,38 10,48
5 |t kn2
6 JInHenHbI TpeH KBagpatnuHbIil TpeH
7 cl c2 cl c2 c3
8 5 15 51,28 5 15 55 51,28
9 15 55 154,9 15 55 225 154,9
10 Pemenue: 55 225 979 570,7
11 1 3 10,26 Pemenue:
12 10 11 4,6 -3,3 0,5 4,6
13 cl=| 9,926 -3,3| 2,671 -0,429 -3,3
14 c2= 0,11 0,5 -0,429| 0,071 0,5
15 cl=| 9,956
16 c2=| 0,084
17 c3=| 0,004

Puc. 1. Beruncnenue ko3 PuImeHToB NEPBOTro ¥ BTOPOTO TPEHIOB

Pemmmm cucremy meronom I'aycca. Paznenum nepsoe ypaBHeHne Ha dqq:

Bl11—>1;

Cl1— =C8/$B$8.

®opmyny u3 stueriku C11 pacnpocTpansieM BiipaBo Ha sueiiky D11.
Jlanee u3 BTOPOro ypaBHEHH BBIUTEM IIEPBOE, YMHOKEHHOE Ha dp1 !

C12— =C9-C11*$B$9.

dopmymy u3 staeiiku C12 pacripoctpaHseM BIpaBo Ha sueriky D12,
Brruncinm HEM3BECTHBIE:

D14— =D12/C12;

D13— =D11-C11*D14.



Teneps BerducIUM KOI(QGHULIUEHTH KBaJPaTUUYHOIO TpeHaa Cq, Co U C3, UCHONb3Ysd CHCTEMY

(5). Hdna xoadpduimmeHToB cUCTeMbl (5) MOHATOOUTCS BBIYHCIATH CYMMY t|f' , TIO3TOMY CJiejaeM

BCIIOMOTaTeNIbHbIC BhIYKCICHUS. J00aBUM elle OJIHy CTPOKY C 3arojioBKOM «t k”2» u mocumrtaeM yis
Hee JIaHHbIe 110 opmyie

B5—>=B3"2,

KOTOPYIO pacCipOoCTpaHuM BIIpaBO AJId BCEX IIATH JICT.

Jlis1 3T0TO0 Takke chOpMUpPYEM CHayYaIa MaTPHUILy cucTeMbl ( puc. 1):

all =N; F8—5
5
Ay =8y = 2t ; G8—>=CYMM(B3:F3); F9— =GS8;
k=1
2 2
Q3 =ag =2t ; H8— =CYMMKB(B3:F3); F10—>=H7;
k=1
> 2
a22 = Ztk ; G9— =H8;
k=1
2. 3
Ay3 =83 = 2.4 ; H9— =CYMMIIPOM3B(B5:F5;B3:F3);
k=1
> 4
aszg = 2t ; H10— =CYMMKB(B5:F5);
k=1
5
I 18— =CYMM(B4:F4);
k=1
5
by = >t Vi 19— =CYMMIIPOM3B(B4:F4;B3:F3);
k=1
> 2
DY 110> =CYMMIIPOU3B(B4:F4;B5:F5).
k=1

PemnM MaTpuyHyro CUCTEMY MATPUYHBIM METOJIOM:
1) F12— =MOBP(F8:H10),
2) BoiiessieM  guamason F8:H10, pasmemiaem kypcop B cTpoke GOpMya H HaKUMaeM

onroBpemenno Ctrl, Shift, Enter.

Tenepp cpaBHMM pacueThl peaJbHOro odobeMa MPOAYKLIMU MO 3ahaHHON ¢opmyrne (1) um mo

dopmynam (2) u (3). dust atoro Ha mucte Excel chopmupyem nononHuTeNnpHO emie oaHy Tadauiy (puc.
2), KyJa CKOIHMPYEM YK€ pacCUMTaHHBIM 00bEM BBINNYCKa MPOAYKIUHU Mo ¢opmynaM (1) ¥ BeIUKUCIUM
00bEM POAYKIMH ITPH UCTIOIB30BAHUH MOCTPOESHHBIX TPEH/IOB:

B21— =B24;

B22— =$D$13+$D$14*B20;

B23— =$H$15+$H$16*B20+$H$17*B20"2.

[Tonmy4yennslie opMyIIbl pacpoCTpaHUM BIIPABO, 3aMoNHAA Auanazon B21: G23.

A | B | ¢ | D E F G
19 | O6beM BhITycKa MPOAYKLIUU
20 | Mecs t k 1 2 3 4 5 6
21 | O6bem Bemycka y k 10,04 | 10,16 | 10,22 | 10,38 10,48
22 | JIuneiHbIl TpeH 10,036 | 10,15 | 10,26 | 10,37 | 10,476 10,59
23 | KBagpatuusblil TpeH 10,045 | 10,14 | 10,25 | 10,36 | 10,485 10,62
24 | Tlorpem. JUH. TPEHAA B TOUYKAX 0,0004 | 0,001 | 0,004 | 0,001 | 0,0004
25 | IMorpermr. KB. TpeHIa B TOYKAX 0,0005| 0,002 | 0,003 | 0,002 | 0,0004
26 | ITorpemr. nuH. TpeHaa 0,0035
27 | Ilorpem. KB. TpeHA 0,0027




Puc. 2. CpaBHenue mozenei

Bbruucium norpemHocts mo rogam mo ¢opmyinam (6) u (7) COOTBETCTBEHHO AJISl TUHEHHOTO
TpEeH/1a U KBaPaTUYHOIO:

B24— =ABS(B22-B21)/B21;

B25— =ABS(B23-B21)/B21,
rae Gynkius ABS(urciio) BerunciseT Moaens aprymenTa. PactaruBaem gpopmMysibl BIpaso.

Haitnem norpemHocTb BBIYUCIEHUSA:

— miig nuHeriHoro TpeHaa B26— =MAKC(B24:F24);

— g kBagparudHoro tperaa B27— =MAKC(B25:F25).

CpaBHMBasg 3HAa4YeHHs MOTPEIIHOCTEH, MOXKHO CIEJNaTh BBIBOJA, 4YTO HCIIOJIb30BaHUE
KBaJIpaTHYHOTO TPEH/a B JAaHHOM cJydae JIydlle, TaK KaK IMOrPelIHOCTh BHIYUCICHUH ISl HETO MEHbIIIE
(0,0027 nnum 0,27 %).

Boeimmonnum nporuos it mectoro mecana. Jlobasum B cTtpoky «Mecsn t k» emie onHO umco,
BbIleM stueliku F22:F23 u cmectum ¢opmyny BHpaBo, MCHOJB3YS Mapkep aBTo3amoyiHeHus. W3
pacueToB BUAHO, YTO JIMHEHHBINM TPEH]I IPOrHO3UPYeT 00beM Bhimycka 10,59 Thic. MIT., a KBapaTUIHBIN
10,62 TBIC. LIT.

Peanusauus B Excel n opopmiienne oryera

[Topsnok BeInonHEeHNs pabOThI IPEANOJIATAET:
1. Ucnone3ys ¢opmyny (1), Halit Juis 3amaHHBIX 3HadeHMH P u ( o0beM BBITyCKa

npoaykiuu Yy, K = 1,_5, U TIoCTpouTh Tad. 1.

2. Pemutp 3amavy, wcronw3ys JUHEWHBIH TpeHa Buna (2). Paccumrats k03 duimeHTs 115
cucteMsl (4) u, nmpuMensis Gpopmyiy (2), BBIMUCIATH 3HAYCHUS fl(tk ), k= ﬁ .

3. Pemutp 3amauy, ucnonp3ys KBagpaTHYHbIH TpeHa Buaa (3). Paccuurars koaddumenTs ms

cuctemsl (5) u, mpuMensis Gopmyiy (3), BBIMHCIATH 3HAYCHUS fz(tk ), k = 1,_6 :

4. OmnpenenuTh MOrPEIIHOCTh IPOTHO3UPOBAHUS TIPU MPUMEHEHUH JIMHEWHOTO TPEHIA.

5. OmnpeaenuTh MOrPeIHOCTh MPOTHO3UPOBAHUS TPH MPUMEHEHHH KBaIPaTHOTO TPEH/IA.

6. CpaBHUTH MOJYYEHHBIC MOTPEITHOCTH MPU HCIOIb30BAHUH JIMHEHHOTO M KBaIPaTHYHOTO
TPEHIOB.

7. HailiTi mporHo3upyeMoe 3HaueHHE BhIITYCKa B IIECTOM MECSIIIC.

OTueT ohopMIIIETCS ¢ UCTIOIB30BaHNEM TEKCTOBOTO mporieccopa Microsoft Word u Bkitouaer:

1. TlocranoBKy 3a1a4M [Is 33[aHHBIX 3HauYeHUH napamerpoB P u ( (Tadmn.3)

2. MaTeMaTI/I‘-IeCKyI-O MOACIIb 3aJaydu. 3amuchk JUHEHHOrO H KBaApaTU4YHOI'O TPCHIAOB JIA
MMPOTrHO3UPOBAHUA ITOKA3ATECIIA. CocTaBieHHE CUCTEM ypaBHeHI/Iﬁ JJIA HaXOXACHUA KOB(l)(bI/II_[I/IeHTOB.

3. Beruncienue ko3 QUIMEHTOB CHCTEMBI ypaBHEHHH (4) IS OmpeseNeH s mapaMeTpoB C; M
Cp NMHUHEIHOro TpeHaa (2)
4. Berancienue Ko3(QQUIMEHTOB CHCTEMBI ypaBHEHHMiT (5) Ui ompeneneHus IapaMeTpoB Cq,

Cy U C3 KBAJIpaTUYHOTro TpeHna (3).

5. Beruncinenne 3HaueHui mokasatens mo ¢opmyinam (2) um (3). Jlms aroro cocramisercs
Tabanna 2:

Mecs (&, ) 1 2 3 2 5 6
OO0beM BhITyCKa (yk) TBIC. IIT. Y1 Yo Y3 Ya Y5 -
R i) | fi() | filts) | fity) | fults) | fi(ts)
KpazpatuHbii Tpena fat) | Ta(ta) | Talts) | Talty) | Talts) | Ta(te)
T[TorpenHoCTh INHEHHOTO TPEH 1A S &1) 5(21) 5 ;(gl) 521) 8(51) max 8(k1)
T[TorpeIHoCTh KBaAPaTHIHOTO 8(2) 5(2) 8(2) 8(2) 8(2) max 8(2)
Tpera 1 > 3 4 5 K




6. OmnpezencHue MOTPEIIHOCTH BhIYUCICHHS TOKazarens mo Gopmynaam (2) u (3). Jlas atoro
n00aBUM K Ta0JI. 2 COOTBETCTBYIOIUE CTPOKH «IIOTPEIIHOCTh JIMHEHHBIA TPEHA» U «IOTPEIIHOCTD
KBaJpaTUYHBIA TpeHa». 3aTeM nojacuutaeM, ucnoib3ys ¢pynkunio MAKC(), Hanbompiiee 3HaYCHUE U3

8&1) u 8&2). CpaBHHTH MOJTYYECHHBIC 3HAYCHUSI.
7. Tloctpouth rpaduku HU3MEHEHHs pealbHOro O0O0beMa BbINYCKa (3HaueHHe GyHKUIHIO Y|,

k= 1,_5), JUHEHHOTO TpeHaAa ((HyHKIHIO fl (t)), xBamparuunoro Tperna (GyHKIHIO f2 ().
8. 3amucarh BHIBOMBI.
Tabmuma 3.

1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15

N
)
)
o
w
=

Ne
p 0 1 1 1 3 0 3 3 2
q 1 0 1 2 1 2 0 2 3 1 3 3 0 2 3
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JlabopaTopHasi padora Ne 7. IJKOHOMHMKO-MaTeMaTH4eCKasi MO/1eJIb
MesKOTpacjaeBoro d0ajanca (Moaeib JleoHTbeBa).

Kparkas Teopus

PaccmoTpuM Mozens MexXOoTpaciaeBoro Oananca, Ha3pIBaeMYIO €Ile MoIebio JIeonTheBa
WA MOJIEIIBIO «3aTPAThI-BBIILYCK.

[Ipenmonoxum, 94T0 IPOU3BOACTBEHHBIN CEKTOP HAPOJAHOIO X031CTBA Pa3OUT Ha n
oTpaciueil (3HepreTuka, MallliHOCTPOCHHE, CEILCKOE X034HCTBO U T.1.).

PaccmoTpum otpacinsb i, 1= 1, 2,..., n. OHa BBIITyCKaeT HEKYIO MPOAYKIUIO 32 TaHHBIN
IIPOMEKYTOK BPEMEHH (Hampumep, 3a roj) B 00beMe Xi, KOTOPBIii ellle Ha3bIBalOT BAJIOBBIM
BBITYCKOM. YacTh 00beMa IPOAYKIMH Xi , TPOU3BEACHHAS 1-0i OTPACIIBIO UCTIONb3YEeTCS IS
COOCTBEHHOI'0 ITPOU3BO/ICTBA B 00BEME Xii , YACTh - IOCTYNAET B OCTAJIbHBIE OTpaciu j =1, 2,...,
n U1t OTpeOICHNUs TIPU IPOU3BOJICTBE B 00bEMaX Xij , U HEKOTOPAst YaCTh 00BEMOM Yi - ISt
noTpeOiIeHus: B HEITPOU3BOICTBEHHOM cepe, Tak Ha3bIBaeMblii 00beM KOHEYHOI'O MOTPeOIeHHUS.
[lepeunciennsie cepsl pacrpeesieHus BaIOBOTO MPOIYKTa -0 OTPACIH MPUBOIAT K
COOTHOILIEHUIO OanaHca

Xi = Xij1 + Xi2+... +xi1‘t + Vi = Z?:lxij + Vi, 1= 1, 2,..., n.

Beenem ko3¢ GuIeHTh IpSAMBIX 3aTpaT aij , KOTOpbIE MOKA3bIBAOT, CKOJIBKO €JIMHHII
IPOAYKIMH i-Oi OTPACIIH 3aTPauyUBACTCs HA MMPOU3BOICTBO OJHOM €AMHUIIBI IPOIYKIIMH B
oTpacid j. Torna MOXKHO 3amMcaTh, YTO KOJUYECTBO MPOAYKIMH, IPOU3BEIEHHON B OTPACIH 1 B
o0beMe Xij ¥ TOCTYHArOIIeH /7Sl MPOU3BOACTBEHHBIX HYXK B OTPACIb j, PABHO

xij = al-jxj

CunTaeMm CI0KUBLIYIOCS TEXHOJOTHIO IPOU3BOJICTBA BO BCEX OTpACisAX HEU3MEHHOH (3a
paccMaTpuBaeMblil IEPHOJ BPEMEHN ), 03HAYAIOIIYIO0, YTO KO3(PULIMEHTHI MPSAMBIX 3aTpar aij
NOCTOSIHHBL. Torna moxydaem cienyrolee COOTHOIICHHE Oalanca, Ha3pIBAeMOTO MO/IeJIbI0
JleonTneBa

X = Z?:l Qa;jXj +vy;, i= 1,2,...,n (1)

BBens BeKTOp BaJIOBOro BBINTyCKa X, MaTPUILY IPSIMBIX 3aTpaT A U BEKTOP KOHEYHOTO
notpebnenus Y
a i f I-‘.

11 In
i/ a1 7 9an WVn

Monenb JIeoHTheBa (1) MOZKHO 3al1ucaTb B MaTPpUIHOM BUJC

)
Matpuna A, y KOTOpoii BCce 3JIEMEHTHI alj HEOTPULATENbHbI, Ha3bIBAETCS MPOAYKTUBHOM
MAaTpHIei, €CIIU CYIIECTBYET TAKOW HEOTPULATENBbHBIN BEKTOP X, JUIsl KOTOPOTO BBIITOIHSETCA
HEPaBEHCTBO

X=AX+Y

X>AX.

DT0 HEpaBEHCTBO O3HAYAET, YTO CYIIECTBYET XOTS ObI OJJUH PEXUM pabOThl OTpacien
JTAHHOM SKOHOMHUYECKOM CUCTEMBI, TP KOTOPOM MPOJYKIIMHU BBIITyCKAETCs OOJIbIIIE, YeM
3aTpavnBaCTCS Ha €€ MPOU3BOJACTBO. [IpyrMMH CI0BaMH, IIPA STOM PEKUAME CO31AETCS
KOHEUYHBIH (MprOaBOYHBIN) MPOAYKT

Y=X-AX>0.

Monens JIeoHThEBa ¢ IPOAYKTUBHOM MaTpuliel A Ha3bIBae€TCs MPOAYKTHBHOM

MO/1€eJIBIO.
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JI71st mpoBepKH MPOAYKTHBHOCTH MaTPUIIBI A JOCTaTOYHO CYIIECTBOBAHUS 0OpaTHOU
matpunsl B = (E - A)? ¢ neorpunarensapiMu snemenTamu, re Matpuna E - eunuuHas
MaTtpuia

i1 0
E: I ' !
L0 1)

C nomoisio monenu JleonTseBa (2) MOKHO BBIIOJHUTH TPU BUA IJIAHOBBIX PacueToB,
IIPU YCIOBUU COOJIIOACHUS YCIOBUS MPOTYKTUBHOCTH MaTPHUIIBI A:

1) 3nas (wim 3aaBast) 00bEMBI BaJIOBOM MPOAYKIIMH BCEX OTpaciied X, MOXKHO
OTpeNieUTh 00bEMbI KOHEUHOW MPOAYKIIH BeeX oTpacieil Y

Y =(E-AX

2) 3aaBas BEIUYMHBI KOHEUHOM MPOIYKIIMHU BCEX OTpaciiell Y, MOXKHO ONPEIEIIUTh

BEJIMYMHBI BAJIOBOM IIPOIYKIMHU KAXKJIOH OTPACIU
X=(E-A?Y (3)

3) 3amaBas A1 psiia OTpacield BeJIMYKUHbI BAIOBOM MPOTYKINH, a IJI BCEX OCTAIbHBIX
oTpacieii - 00beMbl KOHEUHON MPOTYKIIMH, MOXXHO HAWTH BEIIMYMHBI KOHEUHOU TIPOTYKIHH
MEPBBIX OTpacieii 1 00bEeMbI BaJIOBOW MPOIYKIIMH BTOPBIX.

Marpuna

B=(E-A?
HA3bIBACTCSI MATPHIEH MOJHBIX MATepPHAJIbHBIX 3aTpaT. Ee cMbIci cienyeT u3 MaTpuyHOro
paBeHcTBa (3), KOTOpOEe MOKHO 3anucaTh B Buae X = BY. DnemenTtsl matpuilsl B nokassiBarorT,
CKOJIBKO BCET0 HEOOXO0IMMO MTPOU3BECTH MPOIYKIIUH B 1-OM OTPACIIH, JJIs BHIITYCKa B chepy
KOHEYHOT'O OTPEeOIeHUS €IUHUIBI TPOTYKIIMH OTPACIH j.

Heanb padoThl: caenaTh aHAIU3 IEPETOKA TOBAPOB MEXY OTPACIIMU S3KOHOMUKH,
obecrneunBaromiero Takoe GyHKIIMOHUPOBAHKUE MTPOU3BOJICTBEHHOTO CEKTOPA, KOria 00beM
BBIIYCKa COOTBETCTBYET CyMMapHOMY (T.€. IPOU3BOJCTBEHHOMY U KOHEYHOMY) CIIPOCY Ha
TOBaphbI.

IIpumep BbINOJIHEHHA PadOTHI

3agaya: DKOHOMHUYECKasl CHCTEMa COCTOMT U3 TPEX OTpaciiel, Uil KOTOPhIX MaTpuUIla
IPSIMBIX 3aTpaT A U BEKTOP KOHEYHOT'O NMPOAYKTa Y U3BECTHBI:

(03 0.1 04) (200)
A= 02 035 00 F= 100
03 0.1 02) 300

Onpenenuts:
1) Matpuiry k03 PUIIMEHTOB MOIHBIX MAaTePHATBHBIX 3aTpaT B;
2) IlpoBepuTh MPOAYKTUBHOCTH MAaTPHIIBI A,
3) Bekrtop BasoBOro BhIMycKa X;
4) MexoTpacieBble MOCTABKHU MPOAYKIIHH Xijj.
Pemenune: Mogeinn JIeoHThEBA UMEET BU.

X=AX+Y.

Marpuiia moJHbIX MaTepHalIbHBIX 3aTpar B paBHa:
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B=(E-A)?

[IponykTuBHOCTH MaTpULbl A TPOBEPSETCS, 110 BhIYKMCIeHHON MaTpule B. Ecnu ata
MaTpHIla CYIECTBYET U BCE €€ JIEMEHThl HEOTPULIATENIbHBI, TO MaTpUlla A IPOTYKTUBHA.

BekTop BasioBOro Bhiltycka X pacCUuThIBaeTcs 1o ¢popmyie:
X=BY
MesxoTpacneBble MOCTaBKU MPOAYKIIMU X1j BBIYUCIAIOTCS 110 hopMmyIe:
Xij = aij X;
IIpouecc pemenus 3agauu cpeacreamu Microsoft Excel

Beenure marpuny A B siueliku ¢ agpecamu A2:C4 u BexkTop Y B SU€HKHU C aapecaMu
E2:E4 (puc. 1).
£ Microsoft Excel - Kuural
®) oain (pasxa Bua Bcraeka Qopwar Cgpewc Jasele Qoo Crpaska
DEHESRY yBB-<C v-c- = - AN @S 100% 3|l

E12 - A {=TPAHCN(E7:EQ)}

| A B ' G | D E F G
1 |Matpuua A Bektop Y
2 03 0.1 04 200
3| 0,2 05 0 100
4 03 0.1 0.2 300
5 |
6 Marpuua E BekTop X
7| 1 0 0 775,5102
8 | 0 1 0 510,2041
9 | 0 0 1 729,5918
10 |
11 Marpuya E-A TpaHCNOHMPOBaHHLIM BekTop X
12 | 0.7 -0.1 -04 |775,5102!510,2041 7295918
13 | -0,2 05 0
14 | -0,3 -0,1 038
15

16 \Matpuua B

17 | 2,040816 0,612245 1,020408
18 | 0,816327 2,244898 0,408163
19 | 0,867347 0,510204 1,683673
20 |

21 \MexoTpacnesble NOCTaBK

22| 2326531 51,02041 291,8367

23| 155,102 255,102 0
24| 2326531 51,02041 1459184
25

R

Puc. 1. 3a,I[aHI/Ie HUCXOJHBIX JAaHHBIX U MOCICI0BATCIIBHOC BEIITIOJTHCHUEC IIJIAHOBBIX PACUC€TOB

2. Beruncnenue MaTpuiisl K03 GUIIMEHTOB MOJHBIX MaTEPHAIBHBIX 3aTpart B.

2.1 Beenute equnnunyto Mmatpuny E B sueiiku ¢ Homepamu A7:C9.

2.2 Beruucnure matpuity E - A. Matpuma E - A sBasiercst pasnoctsio AByx matpuil E u
A. JIns BBIUMCIIEHUS pa3HOCTH JIBYX MaTpHIl HEOOXOAUMO MPOJIeNaTh ClIeaylolIee:
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1) yYCTaHOBUTE KypCOp MBI B JIEBBIA BEpXHHM yron (3To sueiika ¢ aapecom Al2)
pesynbTupytoiieid Mmatpuilsl E - A, koTopas Oyner pacrnojiokeHa B siueikax ¢ aJipecaMu
Al12:C14;

2) Beeaute Gopmyny =A7-A2 nns BBIYUCIICHUS TEPBOTO DJIEMEHTa PE3yIbTHPYIOMICH
Matpuilbl E — A,

BBEJICHHYIO ()OpMYNy CKONUPYHTE BO BCE OCTAIbHBIC SYCHKU pe3yIbTHPYIOLICH
MaTpHULbI.

3. Boruncnure marpuny B = (E - A)? | spnsromeiics oOpaTHO# MO OTHOIIEHHIO K
Mmarpuiie E - A.

4. [IpoBepka MpOIyKTUBHOCTU MaTPULIBI A.

ITockonpky Marpuna B HaliieHa, ciegoBaTelIbHO OHA CYLIECTBYET. Bce 21eMeHThI
MaTpulpl B HEoTpuLaTrenbHbl, MOATOMY MaTpula B - npoaykTuBHa.

5. Beruncnenue BekTopa BaJIOBOTO BbIITyCKa X.

Brruncnenue BekTopa BaJoBOro BhITycKa X HaXOoJuM 1o MaTpuuHoil popmyne X = BY,
B KOTOpOW Matpuua B Beruuciena, a BeKTop Y 3a/1aH.

6. Beruncnenre MeX0TpaciIeBbIX IIOCTABOK MPOAYKITUH Xij

MesxoTpacneBblie MOCTaBKY MPOAYKIIMH X1j BEIYUCIAIOTCS 110 hopMyne

Xij = ajj X;,

T/I€ aijj - AJIEMEHThI KCXOJAHON MaTpHUIbl A, pacnoyioxkeHHOU B siueiikax A2:C4, xj -
AJIEMEHTHI BeKTOpa X, HalJICHHOI'O BhIIIE B 1. 4 ¥ pacojiokeHHbIe B sueiikax E7:E9.

Jliis ipoBeieHUs! BEIYUCIICHUH Xij, HEOOXOIUMO BBIYMCIUTH TPAHCIIOHUPOBAHHBIN
BekTop X' oTHOCHTENbHO BekTopa X. IIpu 3ToM BekTOp-cTON6el X CTaHET BEKTOPOM-CTPOKOM
XT. D10 HEO6X0MMMO 115 COTNIACOBAHUS Pa3sMEPHOCTEH NalbHEHIIEr0 yMHOKEHHS SIIEMEHTOB
BEKTOPOB.

B pesynbrate B nose sueek E12:G12 pacnoyioKUTCs TpaHCIOHUPOBAHHBIN BEKTOP XT .

3areM BBIYHMCIUTH MEKOTpACIEBbIC IOCTABKY MPOIYKINH Xij . J{7st 3TOrO mpoenaTth
CIEAYIOLINE ONEpaLuu:

1. TOCTaBUTb KYypcOp MBIILIM B ss9eiKy A22, B KOTOpoil OyaeT pacnonokeHo 3HaueHue x11.
B aroit siueiike HaOpath hopmyny =A2*E12, koropas o3navaer, yto x11 =all x1 .

2. BBEJICHHYIO (OpMYITY CKONUPYITE BO BCE OCTANIbHBIE SYEUKH MEPBOM CTPOKHU (B TUCHKHU
A22:C22, npoTaluB MBIIIBIO KPECTUK B IPABOM HI)KHEM YTy OT siueiiku A22 npu
Ha)KaTOM JIEBOM KHOMKE MbIIH, 10 siueiiku C22. IIpu 3Tom OyayT Berunciensl x12 = al2
x2nx13=al3 x3.

3areM B sueiike A23 Habepute popmyny =A3*E12 u noBTOpss aHATIOTUYHYIO
npouenypy, noayunre 3HaueHus x21 = a2l x1, x22 =a22 x2 nu x23 = a23 x3 . [loropure
aHaJOrHMYHbIe neificTBus s sueek A24:C24.
B pesynbrare Bce MeXOTpaciieBble MOCTaBKU MPOIYKIIMUA OYAYT HallZIeHbI U
pacnosiokarcst B MaTpule ¢ ssuerikamu A22:C24.
3amanue

DKOHOMHUYECKAsi CHCTEMa COCTOMUT U3 TPEX OTpaciei, Al KOTOPBIX MaTpulia NpsSMbIX 3aTpaT A u
BEKTOp KOHEYHOT'O MpoyKTa Y JaHbl B Ta0i. 1. Tpebyercs onpenenuts:

1) Matpuiry ko3P PHUIMEHTOB OIHBIX MAaTePHAIBHBIX 3aTpaT B;
2) TlpoBepuTh MPOAYKTUBHOCTH MATPHIIBI A;

3) BexkTop BanoBoro BhITycKa X;

4) MexoTpacieBble OCTaBKH MPOIYKIHH Xij.
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Tabmuua 1. Marpuna npsmMbIX 3aTpaT A ¥ BEKTOp KOHEYHOTO

IIPOJYyKTa Y.
No Bektop koneunoro npoaykra Y Marpuiia npsiMbIX 3aTpar A
1 100 03 02 0.1
Y =200 A=01 03 04
400 0.1 02 03
2 200 0.2 06 0.1
Y =100 A=01 02 01
400 0.2 01 0.2
3 100 05 04 0.1
Y =300 A=01 02 03
400 03 01 05
4 200 0.5 03 0.1
Y =300 A=01 02 01
400 0.1 02 04
5 100 03 02 0.1
Y =200 A=01 05 03
150 02 03 04
6 300 0.1 05 0.2
Y =200 A=04 01 03
100 0.2 04 0.2
7 100 0.6 01 0.2
Y =200 A=01 02 05
300 0.2 05 01
8 400 0.1 04 03
Y =300 A=01 03 0.2
200 0.6 02 0.1
9 100 0.5 0.1 03
Y =150 A=02 04 01
200 0.1 03 03
10 200 0 02 07
Y =150 A=05 04 O
100 0.2 03 0.1
11 250 01 0 0.2
Y =200 A=03 05 0
500 04 02 03
12 300 0 06 03
Y =500 A=05 01 02
100 03 01 0.2
13 300 0.2 05 0.1
Y =250 A= 0 02 0.7
400 05 01 0
14 150 02 01 04
Y =250 A=05 02 0
350 0.1 0.1 0.5
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15 100 0.5 01 03
Y =200 A=01 02 03
400 0 01 O

JlaboparopHasi padotra Ne 8. DiiemeHTHI Teopuu rpagos

Kparkas Teopus

I'padbbl  mpuUMEHSIIOT  JUIsI  TIOCTPOCHHUS  CETEBBIX  MMHUTAIMOHHBIX  MOJICNICH,
pacrpesielieHHbIX BO BPEMEHH WM B IPOCTPAHCTBE OOBEKTOB. DIIEMEHTHI TeOpHH TpadoB
MPUMCHSFOTCS B PA3JIMYHBIX MPHIOKCHUAX MPH (HOPMATU30BAHHOM OIMMCAHUU HCCIICTYSMBIX
CJIOKHBIX CHCTEM U TIPOIIECCOB.

I'pap G mnpencraBmsier coOOi TEOMETPUYECKHI OOBEKT, COCTOSIIMA W3 TOYEK,
Ha3bIBACMbIX BEPUIMHAMM, U COCAMHSIONIMX WX JMHUH, KOTOpble Ha3bplBalOT pedpamm (pric.
1.6). Ecin xakoe-11m00 pedpo a CoeTMHSAET BEPIIUHBI X U ), TO TOBOPAT, YTO BEPIIUHBI X U )

cmeskublie. [Ipy 5ToM roBopAr, 4to pedpo ¢ MHIMAEHTHO BEPUIMHAM X, ), 4 BEPLIIMHBI X, )

HHUUAEHTHBI peOpy «. Bepummna rpadga Has3biBaeTcs H30JIMPOBAHHOM, €ClIM K HEl He
MOAXOMUT HU OAHO pedbpo. Pebpa rpada moryr umerb OpUEHTALMIO, KOTOpas OTMEuYaeTcs
cTpenkoil. OpueHTHpOBaHHbIE peOpa HA3bIBAIOT AYTAMM.

I'pad Ha3bIBacTCSI OPUMEHTHPOBAHHBIM, €CJIM OH HE UMEET HEOPUEHTHPOBAHHBIX pebep,
Y HEOPHEHTHPOBAHHBIM, €CJIH OH HE UMEET AYT.

HeopuentupoBaHHbIil rpad HazpiBaeTcs rpagom 0e3 nmeresib, €ClId B HEM HET METeb —
pebep, KOTOpble HAYMHAIOTCS ¥ 3aKAaHUYUBAIOTCS B OJHOM U TOH )K€ BEpIIIUHE.

I'pad, nmeromuii pedbpa I0OBIX BUJOB, HA3bIBACTCSI CMEIIAHHBIM.

2 4

3 5
Puc. 1. Ilpumepsr nzobpaxxenus rpada

Cnoco0bI nnpeacrasiieHust rpagoB:

1. I'paduueckoe 3ananme. HarmsagHolt ¢opmoil mnpenctaBieHust rpada sBISETCS  €ro
n3o0paxxeHHe B BHUJIe pUCyHKa. Ha pucyHke BepHIMHBI 0003HAYalOTCS TOUKaMH, a pedpa —
JUHUSMH, COEAMHSIONIMMU COOTBETCTBYIOIIME peOpy BepiiuHbL s Ayr Ha JUHUA
YKa3bIBa€TCsl CTPEJIKA, YKa3blBAaIOIIash W3 KakOW BEpPIIMHBI B KaKyl BEIET Jyra.
PacrionoxeHne BepIIMH Ha PUCYHKE HE MMEET 3HAUEHUS, TaK XK€ KaK U IeOMETpHUYECKas
dbopma nuHuit. OgHAKO, BCEraa CleAyeT CTPEMHUThCS H300paxkarh rpad Tak, YTOOBI €ro
rpadudeckoe mpecTaBieHre ObUIO HATJISAHBIM. BO3MOXKHBIN BapuaHT n300pakeHus rpaga
WJUTFOCTPUpPYET puc. 1.
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Ha puc. 1 pebpo Q — metis, BepiinHa 6 U30IMPOBAaHHAsA, TaK KaK K HEll HE OJXOJUT HU

onHO u3 pedep. M3o0pakeHHBIN Ha puc. | rpad sBiIseTcs CMEIIaHHBIM. B KOHKpETHBIX 3aauax
CMeIIaHHble Trpadbl HUCMNONB3YIOTCS pefako. OObMHO OHM JMOO OpPHUEHTUPOBAHHBIE, JHOO
HEOPUEHTUPOBAHHBIE.

1. 3aganue maTpuuneit nnnuaeHuui. I[lycte N — gucno BepmmH, M — ymcno pedep.
Marpuna unnuaennuii rpaga C = (Cij) pasmepoM M X N ompenensercs TaK, 4To €€ CTPOKH
COOTBETCTBYIOT BEPIIMHAM, a CTOJOIBI — peOpam. Eciii d HeopreHTUpOBaHHOE PEOPO MEKITY
BEPILMHAMH I, ] , TO TOJIAraeTcs Cij =Cji =1, ccn a — nyra, opueHTHpOBaHHAs U3 [ B J,To0

Cij =1, Cji =-1,ecan a — e, a Cij — MHLMJEHTHAs €l BepuHa, TO Cjj =k, ruoe k —

mr000¢€ uncio, oranunoe ot 0, 1 u —1.

Marpuily MHIUMHACHIMA B IPUIOKEHUAX HA3bIBAIOT MaTpHUeEHd COeIMHEHUN WJIH
Y3JI0BOM MATPHIIEH.

Marpuipl HHIUACHIMH 1715 TpadoB, n300pakeHHBIX Ha puc. 2 a) U 0), COOTBETCTBEHHO
UMEIOT BUJ:

a b c¢c d e f a b c¢c d e
111]1 11111
2 1|1 2 -1 1|-1
C=3 11101 , C=13 ~1[1[-1
4 1)1 4 1

3ameTrnm, 4TO B ciydae, korna G — OpHEHTHPOBAHHBIN rpad), cymMma 3JIEMEHTOB BCEX
CTpOK (cTosIO10B) MaTpullsl paBHa HY0. ITycte G — HeopueHTHpoBaHHBIN rpad. MapmpyTom
Ha Tpade Ha3bIBAIOT YePEAYIOIIYIOCS TOCIEeI0BATEIBHOCTD BEPIINH U pedep, HAUMHAIONIYIOCS U
3aKaHYMBAIOIIYIOCS] BEPUIMHON, B KOTOpPOM JIOObIE psAOM CTOAILIME BEpUIMHA M Pedpo
MHIUACHTHBI Ipyr Apyry. C KaXIbIM MapHIpyTOM CBsi3aH omnpeaeneHHbId o0xon rpada. [Ipu
BBIXOJIE M3 MEPBOM BEPLIMHBI MaplIpyTa CIEeIyIOIIMEe BEPIIMHBI U pedpa MPOXoJsaTcs B HEM B
TOM TIOpSJIKE, B KOTOPOM OHH yKa3aHbl B Mapmipyre. Yacrto, ecim 3TO HE BeEIeT K
HEOJJHO3HAYHOCTH, MapIIpyT ONHUCHIBAETCS B COKpallleHHOM Buje. Ilpum sTom B ero 3amucu
OCTArOTCs MO0 TOJILKO BEPIIUHBI, JIMOO TOJIBKO pedpa.

b b
1 3 1, 3
C
a d a d
e e
2 4 2 ¢ 4
a) 0)

Puc. 2. I'padst

MapuipyT Ha3bIBaeTCs HUKJIMYECKHUM, €CJIM B HEM TepBas W IOCICIHSS BEPIIUHBI
COBMAJAOT. MapuipyT Ha3bIBAeTCSl WENbK, €CJIM OH HE COACPKUT MOBTOPSIIONIUXCS pedep.
[{uKIMYEeCcKy O 1IeTlh Ha3bIBAIOT MPOCTO MUKJIOM. MapiipyT Ha3bIBaeTCs MPOCTHIM, €CIIH B HEM
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BCE BEPIIUHBI pa3HbIC, KpOME, MOXKET ObITh, MocieaHed U mepBoil. [IpocToil MUKIMYECKUi
MapLIPyT HA3bIBAETCS MPOCTHIM MAPILPYTOM.

JlBe BepIIMHBI HEOPHEHTHUPOBAHHOIO Ipada HA3BIBAIOTCA CBSI3HBIMH, €CJIM HMEETCS
1IeMb, HAYMHAOIIAACS B OJHOM U3 STHX BEPIIUH M OKAHYHMBAIOIIASACA B JIPYTOM.

Jst rpada, mokaszaHHoro Ha puc. 3 mapupyt — la2b3b2e4g5c2 we sBasercs uenbo;
1a2b3b2e4g5c2e4 f1 — nuximueckuit Mapuipyt, He sBistommiics nensto; la2ed f1h6i5 —
IIyTh, HE SABISIOWMIACS TpocThiM Trytem; 1la2b3d5c2e4 f1 — uukn He sBISIOMIAsCS TPOCTHIM

unkiom; la2e4g5d3 — npocroit myrs; 1a2b3d5g4 f1 — npocroii mukt.

Puc. 3. IIpumepsl MmapuipyToB Puc. 4. ITpumepsl MapuipyToB

[ycte Temeps G opueHTHpOBaHHBIM Tpad. B aToM ciydae KakIOMy MapIIpyTy
COOTBETCTBYET OIPEAETIEHHOE €ro MPOXOXKACHHE C YY4eTOM OpHeHTamuu ayr. Eciu Bce ayru
MapuIpyTa IMPOXOAATCS B HAIPABICHUU CTPEJIOK OpPMEHTALUMHM pebep, TO TaKOoi MapuipyT
HA3bIBAETCA OPHEHTHPOBAHHBIM.

EcoM OpHEHTHPOBAHHBIA MAapHIpyT SBISETCA LMKIMYECKHM, TO OH HAa3bIBAETCH
UMKJIHYeCKHM OPHEHTHPOBAHHEIM MapupyToM. OpHEeHTHPOBaHHAs 1IEMb HA3bIBAETCA MyTeM, a
OPUEHTUPOBAHHBIN UK — KOHTYpoM. OpUEHTHPOBAHHAs TIPOCTAs 1IEMb HA3BIBAETCS MPOCTHIM
IyTeM, 2 OPUEHTUPOBAHHBII IIPOCTON LUK — MPOCTHLIM KOHTYPOM.

Ecnu Bee BepumHbl rpada ABISIOTCS CBA3HBIME, TO caM rpad) Ha3bIBAETCH CBAZHBIM.
Jnst rpada Ha puc. 4 nmeem: 1a2b3d5c2e4 fla2 — opuentnpoBanHBIi MapuipyT, He

spisrowuiics myrem; 1a2b3d5¢2b3d5g4+1 — opreHTHPOBaHHBIN UKINYECKUHA MapIIPYT, He

sBIsTIOIMiics  KoHTypoM; 1a2b3d5c2e4 — nyts, He sBiIAIOmHMiicS TNPOCTBIM IIyTEM;
la2b3d5c2e4 f1 — xouryp He sBastommiics npocteiv; 1a2b3d5g4 — npocroit myts;

1a2b3d5i6h1 — npocToii KOHTYD.

JlepeBoM cBsI3HOTO rpadga Ha3bIBAETCS €ro CBA3HBIM Mmojarpad, KOTOPBIH COAEPKUT BCe
BEpIINHBI rpada, HO HE COAEPKHUT HU OJHOTO KOHTYPA.

JlonoJjiHeHneM epeBa rpaga Ha3bIBaeTCs MHOKECTBO €ro BETBEH, KOTOpOe MoyyaeTcs
nocjae WCKIoueHus: u3 rpada Bcex BeTBel nepeBa. OTHenbHBIE BETBH JOMOJHEHHS JepeBa
Ha3bIBAIOTCS BETBAMM CBSI3H.

Paccmotpum rpad Ha puc. 5. Torma, Hanmpumep, aepeBoM rpada siBisercss moarpad,
BKJTFOYarommii Betsu C, d, f .



o1

4

Puc. 5. JlepeBo rpada

JononenneM rpada cIy>KUT MHOKECTBO BeTeil &, D, €, koTophle ABNAIOTCA BETBAMU
CBS3U.

Ceuenuem rpadga Ha3bIBAECTCS MHOKECTBO €T0 BETBEH, UCKIIOUEHNUE KOTOPBIX PA3IEISIET
rpa¢ Ha /Ba CBSA3HBIX mojarpada, OAHUM U3 KOTOPBIX MOXKET OBITh H30JMPOBAHHBIA Y3,
npuueM nocienyoiiee 1o0aBaeHue 000 U3 HUX MpeBpallaeT rpad B CBI3HBII.

Ceuenue Ha3bIBaeTCsl IJIABHBIM, €CIM OHO COJAEPXHUT TOJIBKO OJIHY BETBb J€peBa, a
OCTAJIbHBIE €r0 BETBU SIBJISIOTCS] BETBSMHM CBSI3H.

[Ipocrelmium NpUMEPOM CEUECHHMM SIBISAIOTCA TAKHUE CEYCHUS, KaXKIO0€ U3 KOTOPBIX
IpeBpallaeT OJHy U3 BepLIUH rpada B U30JIMPOBAHHYIO.

KoHTyp Has3piBaeTCs IVIAaBHBIM, €CIIH OH COJEPKHUT TOJBKO OJHY BETBb CBS3H, a
OCTaJIbHbIE BETBHU SIBJISIIOTCS BETBAMH JIEPEBA.

PaccMoTpuM ozuH U3 mpocthix KOHTYpoB rpada ( lj). BeiGepem Hanpasienue ero o6xoxa
MIPOTHUB WJIH 110 YACOBOM CTPEJIKE.

Marpunia B = (bik ) Ha3bIBACTCSI KOHTYPHOM MaTpuUel, eciu €€ CTPOKH

COOTBETCTBYIOT KOHTYpam (Ii ), CTOJIOIBI BETBSM U MPU ITOM

1, ecnu K — 51 BETBb MPUHAIICHKUT | —My KOHTYPY HIIO HAITPABICHUIO
COBIAJIACT C HATPABJIICHUEM €r0 00X0/1a;

bik =1-1, ecam K — st BeTBb IPUHAIICHKHUT | — My KOHTYPY ¥ COBIIaJIaeT

C HaIlpaBJICHHUEM IMPOTHUBOIIOJIOKHBIM €I'O 06xoz[a;

0, He mpUHAIJICNT.

2. Cnucok peodep. [Ipu nanaom criocoOe 3amanus rpada OTHONICHHE HHIIUICHTHOCTH 3a1aeTCs
cnuckoM pebep rpada. IIpu 3ToM Kaxkaas cTpoKa CIIMCKa COOTBETCTBYET pedpy, M B Hei
3anvcaHbl HOMEpa BEPIINH, eMy WHIUACHTHBIX. 711 HEOPHEHTHPOBAHHOTO rpada MOPsI0K
BEPLIMH B CTPOKE MPOU3BOJIbHBIA, IS OPUEHTUPOBAHHOIO — IEPBBIM CTOMT HOMEp WIH
Jpyroe HaMMEHOBAaHHE Havyaa JyTH, BTOPBIM — €€ KOHIIA.

Criucok peGep asst rpadoB, M300pakeHHBIX Ha pUc. 3 U 4 UMeeT BUJI:

pebpa BEPILUHBI JyTu BEPIINHBI
a 1,2 a 1,2
b 2,3 b 2,3
c 2,5 c 5,2
d 3,5 d 3,5
e 2,4 e 2,4
f 1,4 f 41
g 4,5 g 5,4
h 1,6 h 6,1
i 5,6 i 5,6
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[To cniucky pebep rpada Jerko mNoCTpOUTh €ro MaTpuily MHIuaeHuid. Kaxmas crpoka crmcka

COOTBETCTBYET CTPOKE MATPHIIBI C TEM e HOMEepoM. /11 HeOpUEeHTHPOBAHHOTO rpada B CTPOKE

CIMCKAa YKa3aHbl HOMEpa »3JEMEHTOB CTPOKM MaTpullbl WHLUMICHLWH, paBHble 1, a ams

OpPUEHTHPOBAHHOTO Tpada B 3TOW CTPOKE MEPBHIM CTOUT HOMEP IJIEMEHTa CTPOKHU, paBHBIA -1,

BTOPBIM - HOMEp JIEMEHTA, PaBHBIN 1.

3. Marpuua cMe:kHOCTH rpaga. DTo KBajpaTHas MaTpulla, CTOJOLIAM M CTPOKaM KOTOPOU
COOTBETCTBYIOT BepUIMHBI rpada. [[nd HeopHueHTUpOBaHHOTO rpada KaKIblid 3JIEMEHT
MaTpHIbl  paBeH KOJMYECTBY peOep, MHIMICHTHBIX | -1 W | —ii BepIIMHAM, a s
OPHMEHTUPOBAHHOIO Tpad)a KaXKIbIi JIEMEHT PAaBEH KOJIMYECTBY pebep, ¢ HayajaoM B | -motl
BEPIIMHE U KOHIIOM B |- Mol

Marpuib! CMEXKHOCTH, COOTBETCTBYIOLIME I'padaM, H300pakKeHHBIM Ha pUC. 3 U 4 UMEIOT BUJ:

1 2 3 4 5 6 1 2 3 4 5 6
1 1 1 1 1 1
2 1 1 1 1 2 1 1
3 1 1 3 1
4 1 1 1 4 1
5 1 1 1 1 5 1 1 1
6 1 1 6 1

[To MaTpuIle CMEXKHOCTH JIETKO CTPOMTCS CITUCOK pebep, onpeaesronui rpad, a,
COOTBECTCTBCHHO, U ManI/IIIa I/IHIII/IIIGHIII/Ifl.
3amanue

B kauecTBe cucTeMBbl paccMaTpuBaeTcsi paboTa MocpeHNYECKONH METKOONTOBOM (pUpMBI.
IIpeanonaraercs, 4To CUCTEMA MOKET HaXOJAUTHCS TOJIBKO B OJJHOM M3 CBOMX COCTOSTHUM:
So — peructpanus HOBOro KIMeHTa,
S1 — nomydenue 3aka3a Ha IOCTAaBKY TOBapa,
S2 — nouck u npuoOpeTeHne HyKHOTO TOBapa,
Sz — ToBap Ha cknane GUpPMHI,
S4 — peanu3zanys ToBapa KJIHEHTY,
Ss — BO3BpaT KJIMEHTOM Ha CKJIaJ{ HEKa4YeCTBEHHOTO TOBapa,
Se¢ — ycrpaHeHue nedexra B MAaCTEpCKOI U BO3BpAT Ha CKJIA,
S7 — criucanue B yOBITOK (HEBO3MOXKHOCTH PEMOHTA),
Ss — XxwuIieHue co ckiaja.
[Toctpouts rpad cocTosHUN CUCTEMBI, MATPHUIY MHIMACHIINN, CIIMCOK pedep U MaTpHILy
CMEKHOCTH.
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